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Abstract: This study investigates the problem of finite-time boundedness of a class of neural networks
of Caputo fractional order with time delay and uncertain terms. New sufficient conditions are
established by constructing suitable Lyapunov functionals to ensure that the addressed fractional-
order uncertain neural networks are finite-time stable. Criteria for finite-time boundedness of the
considered fractional-order uncertain models are also achieved. The obtained results are based on a
newly developed property of Caputo fractional derivatives, properties of Mittag–Leffler functions
and Laplace transforms. In addition, examples are developed to manifest the usefulness of our
theoretical results.
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1. Introduction

Fractional calculus is a branch of mathematics that covers topics such as derivatives
and integrals of noninteger order [1–4]. The recent discoveries in fractional calculus applica-
tions shows that, fractional-order systems have an essential role in modelling of numerous
processes studies in diverse areas of science and engineering [5,6].

On the other hand, neural network models have the capability to solve significant is-
sues in emergency domains such as financial market forecasting, optimization, information
processing, parallel computing, associative memory, etc. [7–11].

Additionally, the study of the dynamic behavior of neural network models of fractional
order has quickly attracted enormous interest as a research area. Numerous qualitative
properties of such neural network models differ from the corresponding properties of
the classical integer-order models. Fractional-order derivatives can provide a magnificent
instrument for the description of memory and hereditary properties of various materials.
Thus, their use increases the degree of freedom in the modelled processes and make the
models more accurate than the integer-order ones [12–16]. These advantages constitute
the fractional calculus as leading tool in the design of adequate artificial neural networks
and it is also applied in biological neuronal networks. See, for example, some very recent
publications [17,18], and the references therein.

It is established in the existing literature that time delays are commonly experienced
in artificial and biological neural networks. It has been endowed that the presence of time
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delays often causes improper dynamical performances such as behavioral degradation,
developmental oscillation, or instability of the model. Hence, the stability analysis of neural
network models of integer order with time delays has received excess consideration and
crucial stability conditions have been established [19–21].

Correspondingly, there are also interesting stability results proposed for fractional-
order neural networks models [22–25]. In fact, such neural network systems are considered
as very adequate models in different fields, such as diffusion waves, viscoelastic systems,
electrical circuits, quantitative finance, mechanics, acoustics, electromagnetism, propa-
gation, signal processing, system identification, colored noises, etc. [26–30]. Thus, the
study of fractional-order neural networks is fundamental to both theory and applications
and that is why, the stability analysis of fractional-order linear and nonlinear dynamical
systems has attracted an expanding attention. For example, the fractional Lyapunov direct
method and the Mittag–Leffler stability of fractional-order nonautonomous systems have
been studied in [31]. In [32], Linear Matrix Inequalities (LMIs) stability conditions for
fractional-order systems have been discussed. In [33], the asymptotic stability of nonlinear
fractional differential system with Caputo derivative is studied. In [34], the problem of
generalized Mittag–Leffler stability of multi-variables fractional-order nonlinear systems
is investigated.

The definition of the finite-time stability was firstly proposed by Kamenkov in [35].
It is related to a fixed time-interval during which the state of a system starting within a
specified bound does not exceed. For finite-time stable systems, it was demonstrated that
they might have not only faster convergence, but also better robustness and disturbance
rejection properties [36]. It is also known that finite-time stability and asymptotic stability
are independent concepts, which neither imply nor exclude each other. Furthermore, the
classical Lyapunov stability notion is mainly concerned with the asymptotic behavior of the
states and rarely deals with the description of state bounds [37–42]. Moreover, in numerous
applied problems, it is necessary to conserve the states within some bounds during a
specific time interval (see, [43–47]). The finite-time stability is sometimes recommended
than traditional stability approaches because most real neural networks only operate
over finite-time intervals. Thus, some significant contributions have been given in finite-
time stability of fractional-order systems (see for instance, [48–51] and references therein).
Moreover, fractional-order finite-time stable neural networks have engaged a great level
of research interest in the past decade. In [52], the finite-time stability of fractional-order
Hopfield neural networks with time delays has been studied. Another paper, [53], explores
the finite-time stability of fractional-order complex valued neural networks with time
delay. In [54], finite-time stability criteria for fractional-order Cohen–Grossberg BAM
neural networks with time delays are proposed. However, the topic of finite-time stability
of fractional neural networks is still not completely investigated. In all the above-cited
papers on finite-time stability behavior of delayed fractional neural network models, the
effect of uncertain parameters is not investigated. In addition, the finite-time boundedness
concept has not yet been introduced and finite-time boundedness criteria has not yet been
proposed for fractional-order neural networks. This is the first motivation for designing
the present research.

In practice, real systems typically give some uncertainties due to environmental noises,
uncertain or slowly varying parameters, etc. Hence, the investigation of finite-time stability
with parametric uncertainties for such systems is very important [55]. The systems with
uncertain values of their parameters are often called uncertain systems. Note that, uncertain
chaotic systems are studied in [56–59], including fractional-order models [60–62]. However,
to the best of our knowledge, the problem of finite-time boundedness of fractional-order
uncertain neural networks with time delay is not yet recognized in the existing literature.

Motivated by the above discussions, in this research we investigate the finite-time
boundedness for fractional-order neural networks with time delays and uncertain parame-
ters. The analysis of the proposed results is based on the fractional Lyapunov approach
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and fractional differentiation. The obtained criteria are in terms of LMIs which are very
appropriate for numerical simulations.

The main novelty of the paper is in the following five points:

(1) The finite-time boundedness and finite-time stability concepts are adopted to a
continuous model of neural networks of fractional order with time delays and
uncertain parameters;

(2) New finite-time boundedness and finite-time stability results are established;
(3) A new property of Caputo fractional derivatives, properties of Mittag–Leffler func-

tions and Laplace transforms are applied;
(4) By using the Lyapunov functional approach and inequality techniques the obtained

results are represented in terms of LMIs;
(5) Two examples are explored to expose the efficiency of the proposed finite-time stability

and finite-time boundedness results.

The rest of the manuscript is organized according to the following plan. The fractional-
order neural network problem under consideration is formulated in Section 2, where some
preliminary results are also presented. The main finite-time boundedness and finite-time
stability results are established in Section 3. Section 4 is devoted to numerical examples
with which we demonstrate the proposed new results. The conclusion notes are stated in
Section 5.

Notation: Throughout this investigation, N will denote the set of all positive integer
numbers, Rn stands for the n-dimensional Euclidean space, Rn×m is the space of all n×m

real matrices. For a matrix B and two symmetric matrices A and C,
[

A B
∗ C

]
denotes

the symmetric matrix, where the symmetry term is denoted by ∗. The values λmax(Q)
and λmin(Q) will denote the maximum and minimum eigenvalue of a symmetric matrix
Q, respectively. The superscript T represents the transpose of a matrix (or vector). The
identity matrix of the compatible dimension will be denoted by I, diag{. . . } expresses the
block-diagonal matrix and ‖ . ‖ is the Euclidean norm in Rn.

2. Problem Formulation and Preliminary Results

We will investigate a class of fractional-order uncertain neural networks with time
varying delays of the type

Dαx(t) = −Cx(t) + (A+4A) f (x(t)) + (B+4B) f (x(t− τa)) +Hw(t) + Ju(t), (1)

where x(t) = [x1(t), x2(t), . . . , xn(t)]T ∈ Rn is the state vector of the fractional-order
uncertain neural network system, f (x(t)) = [ f1(x1(t)), f2(x2(t)), . . . , fn(xn(t))]T ∈ Rn

denotes the neuron activation function, C = diag{c1, c2, . . . , cn} is the self-connection
weight, A, B, H, J represent the interconnection weight matrices, τa is a time delay which
is a positive constant,4A, 4B are real-valued unknown matrices representing parameter
uncertainties and are supposed to be in the form

[4A 4B] = DF(t) [Ea Eb], (2)

where D, Ea, Eb are known constant real-valued matrices with adequate dimensions, F(t)
is an unknown time-varying matrix with bounded Lebegue measurable elements such that

FT(t)F(t) ≤ I. (3)

We will consider the uncertain model (1) under the following initial condition:

x(t) = ϕ(t), t ∈ [−τa, 0].

In the model (1) we consider the “uncertain” parameters4A, 4B that may greatly
affect the qualitative behaviour of the system. In fact, a real system always involves uncer-
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tainties due to some disturbances in system, inaccuracy in model parameter measurements
or noises from external inputs. Hence, the analysis of models with uncertainties is essential
for theory and applications.

Among the commonly used definitions for the general fractional differentiation and in-
tegration, such as Riemann–Liouville, Grünwald–Letnikov, Caputo, and Antagana–Baleanu
derivatives, we will use the Caputo-type fractional derivative in our introduced model (1).
The reason for this is the fact that it has the superiority of dealing accordingly with ini-
tial conditions on initial value problems that are in a format consistent with that in the
integer-order cases which is observed in most physical processes [22].

The following assumption will be made on the activation function.

Assumption 1. The neuron activation functions f is bounded and Lipschitz continuous on Rn,
that is, there exists L = diag{l1, l2, . . . , ln} with lk > 0, k = 1, . . . , n for which

|| f (u)− f (v)|| ≤ ||L(u− v)|| (4)

for any u, v ∈ Rn.

For the presentation of the main results we will need the next lemmas and definitions.
Without loss of generality, for the applied fractional integral and derivatives we will
consider that lower limits to be 0 throughout the paper.

Definition 1 ([56]). For any time constant T, two constants c̄1 > 0, c̄2 > 0, and a symmetric
matrix R > 0, the fractional-order neural network model (1) with u(t) = 0 is said to be finite-time
bounded with respect to (c̄1, c̄2, T, R), if

sup
s∈[−τa ,0]

(
xT(s)Rx(s)

)
≤ c̄1 ⇒ xT(t)Rx(t) ≤ c̄2, ∀ t ∈ [0, T].

Definition 2 ([56]). For any time constant T, two constants c̄1 > 0, c̄2 > 0, and a symmetric
matrix R > 0, the fractional-order neural network system (1) with w(t) = 0 and u(t) = 0 is said
to be finite-time stable with respect to (c̄1, c̄2, T, R), if

sup
s∈[−τa ,0]

(
xT(s)Rx(s)

)
≤ c̄1 ⇒ xT(t)Rx(t) ≤ c̄2, ∀ t ∈ [0, T].

Definition 3 ([59]). For any time constant T, the fractional-order neural network (1) is robustly
finite-time stabilizable with a disturbance attenuation level β, if the corresponding fractional closed-
loop neural network system with a controller u(t) = Kx(t), t ∈ (0, T], is finite-time bounded.

Definition 4 ([1]). The fractional integral of a noninteger order α for an integrable function x(t),
x(t) ∈ Rn, is defined as

0 Iα
t x(t) =

1
Γ(α)

∫ t

0
(t− τa)

α−1x(τa)dτa,

where Γ(·) is the Gamma function given by Γ =
∫ θ

0 ts−1e−tdt.

Definition 5 ([1]). The fractional derivative of Caputo type of order α for a function x(t) is
defined as

0Dα
t x(t) =

1
Γ(k− α)

∫ t

0
(t− τa)

k−α−1x(k)(τa)dτa,

where k− 1 < α < k, k ∈ N.
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Throughout the paper the fractional integral 0 Iα
t will be denoted by Iα and the Caputo

fractional derivative 0Dα
t by Dα for simplicity.

Lemma 1 ([63]). For α ∈ (0, 1) and continuous and differentiable on [0, ∞] vector-function
x(t) ∈ Rn, we have

1
2

Dα[xT(t)x(t)] ≤ xT(t)Dαx(t), t ≥ 0. (5)

Lemma 2 ([64]). For α ∈ (0, 1), continuous and differentiable on [0, ∞] vector-function x(t) ∈ Rn

and P > 0, P ∈ Rn×n, we have inequality

1
2

Dα[xT(t)Px(t)] ≤ xT(t)PDαx(t), t ≥ 0. (6)

Lemma 3 ([1]). For k ∈ N and k− 1 < α < k, the following relation is valid

Iα(Dαx(t)) = x(t)−
k−1

∑
i=0

xi(0)
i!

ti.

In the case when 0 < α < 1,

Iα(Dαx(t)) = x(t)− x(0).

Lemma 4 ([65]). Let x(t) and a(t) be non-negative and local integrable on [0, T] functions,
T ≤ +∞. Assume that α > 0, g(t) is a non-decreasing, nonnegative and continuous function
defined on 0 ≤ t < T, g(t) ≤ M (constant), satisfying

x(t) ≤ a(t) + g(t)
∫ t

0
(t− s)α−1x(s)ds, t ∈ [0, T].

If a(t) is non-decreasing on [0, T], then

x(t) ≤ a(t)Gα(g(t)Γ(α)tα), t ∈ [0, T],

where Gα is the Mittag–Leffler function.

Lemma 5 ([58]). Assume that U, V, W and X be real matrices of adequate dimensions and
X = XT . Then,

VTV ≤ I, X + UVW + UTVTWT < 0,

if and only if there exists a scalar δ > 0 such that X + δUUT + δ−1WTW < 0.

Lemma 6 ([19]). (Schur complement). For any constant matrices X, Y, Z, with X = XT and
0 < Y = YT , we have X + ZTY−1Z < 0, if and only if,[

X ZT

∗ −Y

]
< 0 or

[
−Y Z
∗ X

]
< 0.

3. Finite-Time Stability and Boundedness Results
3.1. Robust Finite-Time Stability

In this section we investigate the finite-time stability of uncertain fractional-order
neural networks with time delays of the type

Dαx(t) = −Cx(t) + (A+4A) f (x(t)) + (B+4B) f (x(t− τa)), (7)

where the system parameters are as in (1).
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Theorem 1. For given scalars τa, c̄1, c̄2, T and a symmetric matrix R > 0 the fractional-order
neural network model (7) is finite-time stable with respect to (c̄1, c̄2, T, R) if there exist scalars δ1,
δ2, δ3, β and a matrix P > 0 satisfying:

Θ̂1 =


Θ1 PD LTET

a δ1 PD LTET
b δ2

∗ −δ1 I 0 0 0
∗ ∗ −δ1 I 0 0
∗ ∗ ∗ −2δ2 I 0
∗ ∗ ∗ ∗ −2δ2 I

 < 0, (8)

Θ̂2 =

 Θ2 PD LTET
b δ3

∗ −2δ3 I 0
∗ ∗ −2δ3 I

 < 0, (9)

Gα(βTα)cond(P̄) <
c̄2

c̄1
, (10)

where

Θ1 = −PC− CT PT + PAL + LTAT PT +
1
2

PBL +
1
2

LTBT PT − βP,

Θ2 =
1
2

PBL +
1
2

LTBT PT ,

P = R1/2P̄R1/2.

Proof. Consider the following Lyapunov functional:

V(t) =
1
2

xT(t)Px(t). (11)

For the fractional-order derivative of V(x(t)) along the system (7), by Lemma 2,
we have

DαV(t) =
1
2

DαxT(t)Px(t) ≤ xT(t)PDαx(t).

Hence,

DαV(t) ≤ xT(t)P[−Cx(t) + (A+DF(t)Ea) f (x(t)) + (B+DF(t)Eb) f (t− τa)],

= xT(t)P[−C+AL +DF(t)EaL]x(t) + xT(t)P[BL +DF(t)EbL]x(t− τa),

= xT(t)P[−C+AL +DF(t)EaL +
1
2
BL +

1
2
DF(t)EbL]x(t)

+ xT(t− τa)P[
1
2
BL +

1
2
DF(t)EbL]x(t− τa), (12)

≤ 1
2

xT(t)[−PC− CT PT + PAL + LTAT PT + PDF(t)EaL + LTET
a FT(t)DT PT

+
1
2

PBL +
1
2

LTBT PT +
1
2

PDF(t)EbL +
1
2

LTET
b FT(t)DT PT ]x(t)

+ xT(t− τa)[
1
2

PBL +
1
2

LTBT PT +
1
2

PDF(t)EbL +
1
2

LTET
b FT(t)DT PT ]x(t− τa).

Let the following inequalities be satisfied

Θ̂1 = −PC− CT PT + PAL + LTAT PT + PDF(t)EaL + LTET
a FT(t)DT PT

+ 1
2 PBL + 1

2 LTBT PT + 1
2 PDF(t)EbL + 1

2 LTET
b FT(t)DT PT < 0,

(13)

Θ̂2 =
1
2

PBL +
1
2

LTBT PT +
1
2

PDF(t)EbL +
1
2

LTET
b FT(t)DT PT < 0. (14)
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By employing Lemma 11, the above inequalities can be written as

Θ̂1 = Θ1 + δ−1
1 PDDT PT + δ1LTET

a EaL +
1
2

δ−1
2 PDDT PT +

1
2

δ2LTET
b EbL < 0, (15)

Θ̂2 = Θ2 +
1
2

δ−1
3 PDDT PT +

1
2

δ3LTET
b EbL < 0. (16)

By using Lemma 6, the inequalities (15) and (16) are equivalent, correspondingly, to
the following LMIs: 

Θ1 PD LTET
a PD LTEb

∗ −δ1 I 0 0 0
∗ ∗ −δ−1

1 ∗ ∗
∗ ∗ ∗ −2δ2 ∗
∗ ∗ ∗ ∗ −2δ−1

2

 < 0, (17)

 Θ2 PD LTEb
∗ −2δ3 0
∗ ∗ −2δ−1

3

 < 0. (18)

After the pre- and post- multiplying of (17) by diag{I, I, δ1, I, δ2} and pre- and post-
multiplying of (18) by diag{I, I, δ3} we obtain (8) and (9), respectively. On other hand, it
is easy to check that inequalities (8), (9) imply the existence of a required constant β > 0,
such that

DαV(x(t)) < β sup
s∈[−τa ,0]

V(x(s)), t ∈ [0, T]. (19)

The inequality (19) implies the existence of a nonnegative function M(t) satisfying

DαV(x(t)) + M(t) < βV(x(t)), t ∈ [0, T]. (20)

We apply the Laplace transform to (20) to obtain

sαV(x(s))−V(x(0))sα−1 + M(s) = βV(x(s)) (21)

or, equivalently

V(x(s)) = (sα − β)−1(V(x(0))sα−1 −M(s)
)
. (22)

Applying the inverse Laplace transform of (22), we obtain

V(x(t)) = V(x(0))Gα(βtα)−
∫ t

0
M(τa)[(t− τa)

α−1Gα,α(β(t− τa)
α)]dτa. (23)

Since both (t− τa)α−1 and Gα,α(β(t− τa)α) are nonnegative functions, we obtain that,

V(x(t)) ≤ Gα(βtα)V(x(0)) ≤ Gα(βtα) sup
s∈[−τa ,0]

V(x(s)), t ∈ [0, T]. (24)

Inequality (24) is equivalent to xT(t)Px(t) ≤ Gα(βtα) sups∈[−τa ,0]
(
xT(s)Px(s)

)
noting

that P = R1/2P̄R1/2 which can be rewritten as

xT(t)R1/2P̄R1/2x(t) < Gα(βtα) sup
s∈[−τa ,0]

(
xT(s)R1/2P̄R1/2x(s)

)
. (25)
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The above implies,

λmin(P̄)xT(t)Rx(t) < λmax(P̄)Gα(βtα) sup
s∈[−τa ,0]

(
xT(s)Rx(s)

)
. (26)

After considering sups∈[−τa ,0]
(

xT(s)Rx(s)
)
≤ c̄1 together with (10), we have that

xT(t)Rx(t) < c̄2 for t ∈ [0, T], which completes the proof.

Remark 1. Theorem 1 offers criteria for finite-time stability of a class of delayed fractional-order
neural networks under uncertainties. It contributes to the development of the finite-time stability
theory of fractional neural network models and extend the existing results on the topic [48–54] to
the uncertain case. Indeed, the presence of uncertain terms may lead to instability of a model even if
the uncertainties are very small. In Table 1, a comparison table with previously published results is
shown below.

Table 1. Comparison with other works.

Neural Networks [14,16] [44–46] [48–54] Our Paper

Fractional order
√

×
√ √

Uncertain terms ×
√

×
√

Finite time stability ×
√ √ √

Remark 2. One of the most investigated stability behavior of neural networks models is the
asymptotic stability and its special case of exponential stability [22,25,29,33]. For fractional-
order systems the concept of exponential stability has been generalized to that of Mittag–Leffler
stability [15,18,23,24,31]. Different from the existing results on asymptotic and Mittag–Leffler
stability strategies of fractional-order systems we investigated the finite-time stability behavior of a
delayed neural network system under uncertainties.

3.2. Finite-Time Boundedness

In this Section, we first provide a criterion for the finite-time boundedness of the
delayed fractional-order neural network model of the type:

Dαx(t) = −Cx(t) + (A+4A) f (x(t)) + (B+4B) f (x(t− τa)) +Hw(t). (27)

Theorem 2. For given scalars τa, c̄1, c̄2, d, T and a symmetric matrix R > 0 the fractional-order
neural network model with time delay (27) is finite-time bounded with respect to (c̄1, c̄2, T, R, d), if
there exist constants δ1, δ2, δ3, β and a matrix P̄ > 0 such that the following LMIs:

Ψ̂1 =



Ψ1 PH PD LTET
a δ1 PD LTET

b δ2
∗ −βI 0 0 0 0
∗ −δ1 I 0 0 0
∗ ∗ −δ1 I 0 0
∗ ∗ ∗ −2δ2 I 0
∗ ∗ ∗ ∗ −2δ2 I

 < 0, (28)

Θ̂2 =

 Θ2 PD LTET
b δ3

∗ −2δ3 I 0
∗ ∗ −2δ3 I

 < 0, (29)

Gα(βTα)
( βdTα

Γ(α + 1)
+ λmax(P̄)c̄1

)
< λmin(P̄)c̄2, (30)
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are satisfied, where

Ψ1 = −PC− CT PT + PAL + LTAT PT +
1
2

PBL +
1
2

LTBT PT − βP,

Θ2 =
1
2

PBL +
1
2

LTBT PT ,

P = R1/2P̄R1/2.

Proof. For the αth Caputo derivative of the Lyapunov functional (11), we get

DαV(x(t)) + βV(x(t)) + βwT(t)w(t) = ξT(t)Ψ̂1ξ(t). (31)

From (15) and (16) we obtain

Ψ̂1 = ξT(t)
[

Ψ1 + δ−1
1 PDDT PT + δ1LTET

a EaL + 1
2 δ−1

2 PDDT PT + 1
2 δ2LTET

b EbL PH
∗ −βI

]
ξT(t), (32)

Θ̂2 = Θ2 +
1
2

δ−1
3 PDDT PT +

1
2

δ3LTET
b EbL, (33)

where ξT(t) = [xT(t) wT(t)]. By applying Schur complement Lemma 6, we can obtain

Ψ1 PH PD LTET
a PD LTEb

∗ −βI 0 0 0 0
∗ ∗ −δ1 I 0 0 0
∗ ∗ ∗ −δ−1

1 0 0
∗ ∗ ∗ ∗ −2δ2 0
∗ ∗ ∗ ∗ ∗ −2δ−1

2

 < 0, (34)

 Θ2 PD LTEb
∗ −2δ3 0
∗ ∗ −2δ−1

3

 < 0. (35)

Then by multiplying of both sides of (34) by diag{I, I, I, δ1, I, δ2} and multiplying of both
sides of (35) by diag{I, I, δ3}, we get (28) and (29). This, together with wT(t)w(t) ≤ d gives

DαV(x(t)) < βV(x(t)) + βd, t ∈ [0, T]. (36)

After an integration of order α of both sides of (36) from 0 to t ≤ T and applying
Lemma 3, we obtain

V(x(t)) < sup
s∈[−τa ,0]

V(x(s)) +
βdtα

Γ(α + 1)
+

β

Γ(α)

∫ t

0
(t− τa)

α−1V(x(τa))dτa. (37)

Now we apply Lemma 4 to obtain

V(x(t)) <
(

sup
s∈[−τa ,0]

V(x(s)) +
βdtα

Γ(α + 1)

)
Gα(βTα). (38)

Noting that for P = R1/2P̄R1/2, the next relations are satisfied:

V(x(t)) = xT(t)Px(t) = xT(t)R1/2P̄R1/2x(t) ≥ λmin(P̄)xT(t)Rx(t), (39)

sup
s∈[−τa ,0]

V(x(s)) = sup
s∈[−τa ,0]

(
xT(s)R1/2P̄R1/2x(s)

)
< λmax(P̄) sup

s∈[−τa ,0]

(
xT(s)Rx(s)

)
≤ λmax(P̄)c1. (40)
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From (38), it follows that

λmin(P̄)xT(t)Rx(t) < Gα(βTα)
[ βdTα

Γ(α + 1)
+ λmax(P̄)c̄1

]
. (41)

By combining (41) and (30) we obtain

xT(t)Rx(t) < c̄2, t ∈ [0, T]. (42)

This completes the proof.

Next, we consider the delayed fractional-order neural network system with uncertain
terms and the state feedback controller u(t) = Kx(t) as follows:

Dαx(t) = −Cx(t) + (A+4A) f (x(t)) + (B+4B) f (x(t− τa)) +Hw(t) + Ju(t), (43)

u(t) = Kx(t), (44)

where K is a scalar gain matrix.

Theorem 3. For given scalars τa, c̄1, c̄2, d, T and a symmetric matrix R > 0 the delayed fractional-
order neural network model (43) is finite-time bounded with respect to (c̄1, c̄2, T, R, d), if there exist
scalars δ1 > 0, δ2 > 0, δ3 > 0, β > 0 and a matrix P̄ > 0 which satisfy the following LMIs:

Φ̂1 =



Φ1 PH PD LTET
a δ1 PD LTET

b δ2
∗ −βI 0 0 0 0
∗ −δ1 I 0 0 0
∗ ∗ −δ1 I 0 0
∗ ∗ ∗ −2δ2 I 0
∗ ∗ ∗ ∗ −2δ2 I

 < 0, (45)

Θ̂2 =

 Θ2 PD LTET
b δ3

∗ −2δ3 I 0
∗ ∗ −2δ3 I

 < 0, (46)

Gα(βTα)
( βdTα

Γ(α + 1)
+ λmax(P̄)c̄1

)
< λmin(P̄)c̄2, (47)

where

Φ1 = −CP + JL− PCT + LTJT + PAL + LTAT PT +
1
2

PBL +
1
2

LTBT PT − βP,

P = R1/2P̄R1/2

and the gain matrix K = LP−1.

Proof. By replacing C in the LMI (28) with C+ LP−1 from the Theorem 1 we can obtain

Φ1 PH PD LTET
a δ1 PD LTET

b δ2
∗ −βI 0 0 0 0
∗ −δ1 I 0 0 0
∗ ∗ −δ1 I 0 0
∗ ∗ ∗ −2δ2 I 0
∗ ∗ ∗ ∗ −2δ2 I

 < 0, (48)

 Θ2 PD LTET
b δ3

∗ −2δ3 I 0
∗ ∗ −2δ3 I

 < 0, (49)
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where

Φ1 = −(CP− JLP−1)− P(C− JLP−1)T + PAL + LTAT PT +
1
2

PBL +
1
2

LTBT PT − βP,

Θ2 =
1
2

PBL +
1
2

LTBT PT .

Hence, we have that the neural network system (43), which is considered as a closed-
loop system, with the controller (44) is finite-time bounded with respect to (c̄1, c̄2, T, R, d).
The proof is completed.

Remark 3. Theorems 2 and 3 provide sufficient conditions for finite-time boundedness of fractional
delayed neural network models. To the best of the authors’ knowledge such results are not offered for
fractional-order models. With there results we extend the existing results on finite-time boundedness
of integer-order systems [43,44,47] to the fractional-order models. In addition, uncertain terms are
considered in the proposed fractional model.

Remark 4. Theorem 3 also implies that system (43) is robustly finite-time stabilizable with respect
to (c̄1, c̄2, T, R, d) according to Definition 1.

4. Numerical Examples

In this Section, numerical examples are addressed to demonstrate the usefulness of
the proposed method.

Example 1. Let us consider the fractional-order neural network system with a disturbance and
uncertain terms defined by

Dαx(t) = −Cx(t) + (A+4A) f (x(t)) + (B+4B) f (x(t− τa)) +Hw(t), (50)

with the following parameters:

C =


1 0 0

0 2 0

0 0 3

, A =


2 −1.2 −0.5

1.8 1.71 1.15

4.75 0.5 1.1

, B =


−0.4 0.6 0.002

−0.4 −0.38 −0.3

0.6 0.1 −0.4

,

H =


−0.2 0.5 1.2

1.03 −0.61 −1.8

0.4 0.03 −0.21

, Ea = diag{0.1, 0.1, 0.1}, Eb = diag{0.1, 0.1, 0.1},

L = diag{1, 1, 1}, α = 0.5, τa = 0.1, d = 1, β = 0.05, c̄1 = 2, c̄2 = 16, R = I, T = 20.

By solving (28)–(30) we obtain the achievable solutions as follows:

P̄ =

 0.0186 0.0032 0.0059
0.0032 0.0029 0.0011
0.0059 0.0011 0.0258

, δ1 = 0.0874, δ2 = 0.2178, δ3 = 0.7989.

Furthermore, Figure 1 represents the state responses of the fractional-order neural network model
(50) with initial data at [−3, 3]T . It can be observed that the state trajectories of the fractional-order
neural network system (50) with a disturbance and uncertain terms in Example 1 are bounded and
thus the system is finite-time bounded with respect to (c̄1, c̄2, T, R, d) under the proposed conditions.

Remark 5. In Example 1, a fractional-order neural network system with a disturbance and uncer-
tain terms is considered and investigated using Theorem 2. The feasible solutions are obtained and it
is demonstrated that they are finite-time bounded with respect to (c̄1, c̄2, T, R, d). This shows that
the proposed conditions of Theorem 2 are efficient and can be easily applied to check the finite-time
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boundedness behavior of the solutions of the fractional order neural networks. In addition, it can
be seen by Figure 1 that the state trajectories converge in a finite time; hence, the system is also
finite-time stable.

0 5 10 15 20
−3

−2

−1

0

1

2

3

t/sec

x
(t
)

 

 
x1

x2

x3

Figure 1. The state trajectories of the fractional-order neural network model (50) in Example 1.

Example 2. Consider the following fractional-order uncertain neural network

Dαx(t) = −Cx(t) + (A+4A) f (x(t)) + (B+4B) f (x(t− τa)) +Hw(t) + Ju(t), (51)

with

C =

[
2 0

0 3

]
, A =

[
−4 3

9 −5

]
, B =

[
−2 0.5

0.5 −2

]
, H =

[
−0.2 0.1

0 0.2

]
, J =

[
−0.3 0.5

0.5 0.2

]
,

Ea = diag{0.2, 0.2}, Eb = diag{0.2, 0.2}, L = diag{1, 1}, d = 1.2, β = 0.3, R = 2I.

The system parameters are specified as follows: w(t) = sin(t), c̄1 = 5, c̄2 = 7, τa = 0.5. By
solving the LMIs (45)–(47) in Theorem 3, we obtain the feasible solutions as

P̄ =

[
0.6650 −0.0205
−0.0205 0.6894

]
, δ1 = 2.0330, δ2 = 1.1690, δ3 = 1.1836,

and

K =

[
3.0102 0.0896
0.0896 2.9038

]
.

The state trajectories of system (51) are illustrated in Figure 2. It shows the state trajectories
of the fractional order neural network model (51) are bounded in a very short time T = 5 s under
the feedback control K; thus, the system is finite-time bounded with respect to (c̄1, c̄2, T, R, d) the
proposed conditions. According to Definition 1, the model (51) is robustly finite-time stabilizable
with respect to (c̄1, c̄2, T, R, d).
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Figure 2. State trajectories of the fractional order neural network model (51) in Example 2.

Remark 6. The efficiency of the conditions of Theorem 3 are demonstrated in Example 2. The
feasible solutions and feedback control gain matrix K of a fractional-order neural network system
with a disturbance and uncertain terms are obtained. The finite-time boundedness is demonstrated
by solving the LMIs type conditions. In addition, the considered fractional order neural network
model is robustly finite-time stabilizable with respect to (c̄1, c̄2, T, R, d).

5. Conclusions

In this study, we considered the problem of finite-time boundedness of a class of
fractional-order neural networks with time delays and uncertain terms. Based on the frac-
tional differentiation and Lyapunov functional theory, we derived conditions that ensure
the finite-time boundedness and finite-time stability under uncertainties. The presented
criteria are in terms of LMIs, which are very suitable for numerical simulations. Finally,
numerical examples are elaborated to manifest the efficacy and usefulness of our theoretical
results. Our results contribute to the development of the finite-time stability theory of
fractional-order neural network models. The presented finite-time boundedness results
mark the beginning of their investigations for the proposed models. Since fractional-order
neural networks have significant applications in diverse areas of science and engineering
the derived criteria can be of interest to numerous pure and applied researchers. Moreover,
the proposed finite-time boundedness results offer an important mechanism that is of
importance in the study of periodic neural network models. It is possible to extend the
results to the synchronization problem of complex-valued neural networks of fractional
order with both leakage and discrete delays and stability of stochastic fractional-order
neural networks. The future research scope of our investigations is also related to the
effects continuous and impulsive controllers on the finite-time stability and finite-time
boundedness behavior of the introduced model. In this cases, the presented finite-time
stability criteria can be applied in the study of the finite-time robustness controllability of
uncertain systems. The sensitivity analysis is another direction for the future research on
the topic.
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