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ON ISOLATING POINTS USING UNIT DISKS∗

Matt Gibson,†Gaurav Kanade,‡Rainer Penninger,§Kasturi Varadarajan¶and Ivo Vigan‖

Abstract. Given a set of points in the plane and a set of disks which separate the points,
we consider the problem of selecting a minimum size subset of the disks such that any path
between any pair of points is intersected by at least one of the selected disks. We present
a (9 + ε)-approximation algorithm for this problem and show that it is NP-complete even
if all disks have unit radius and no disk contains any points. Using a similar reduction,
we further show that the Multiterminal Cut problem [9] remains NP-complete on unit disk
graphs. Lastly, we prove that removing a minimum subset of a collection of unit disks, such
that the plane minus the arrangement of the remaining disks consists of a single connected
region is also NP-complete.

1 Introduction

Wireless sensors are being extensively used in applications to provide barriers as a defense
mechanism against intruders at important buildings, estates, national borders etc. Mon-
itoring the area of interest by this type of coverage is called barrier coverage [13]. Such
sensors are also being used to detect and track moving objects such as animals in national
parks, enemies in a battlefield, forest fires, crop diseases etc. In such applications it might be
prohibitively expensive to attain full coverage, where each point of a given region is within
sensing distance of at least one sensor. It suffices to ensure that the object under consid-
eration cannot travel too far before it is detected. Such coverage is called trap coverage
[5, 16]. Inspired by such applications, we consider the problem of isolating a set of points by
a minimum-size subset of a given set of unit radius disks. A unit disk crudely models the
region sensed by a sensor, and the algorithm presented in the next section readily generalizes
to disks of arbitrary, different radii.

Definition 1. A set D of disks embedded in the plane, separates a set P of points, if for
any two points p, q ∈ P , every path between p and q intersects at least one disk in D, as
shown in Figure 1.

Problem 2 (Point Isolation). Given a set P of k points and a set D of n unit disks in the
plane, separating P , find a minimum cardinality subset of D that still separates P .
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Figure 1: (a) A set of disks separating four points, since every path connecting any two
points intersects a disk. (b) A set of disks that does not separate the points.

For several variants of the geometric set cover problem, approximation algorithms
have been designed [4, 8, 14] that improve upon the best guarantees for the combinatorial
set cover problem. For the problem of covering points by the smallest subset of a given set
of unit disks, there exists a (9+ε)-approximation algorithm [1], with 0 < ε ≤ 6, and a PTAS
[14]. The PTAS can even be used for disks of arbitrary different radii. Our problem can be
viewed as a set cover problem where the elements that need to be covered are not points,
but paths. However, since the set system consists of all subsets of D, known results only
imply a trivial O(n)-approximation when viewed through this set cover lens.

Contribution and Organization. In Section 2, we present a polynomial time algorithm
that guarantees a (9 + ε)-approximation for the Point Isolation problem. We first cover all
points contained in disks using existing set cover algorithms. We then recursively apply
to the remaining points the two-point separation algorithm of [7] which solves the Point
Isolation problem optimally when k = 2, to find the smallest subset B of D that separates
some pair of points in P . Observe that the arrangement of the disks in B induces exactly
two faces in the plane (one bounded and one unbounded) and it thus partitions P into P1

and P2, such that all points in P1 are separated from the points in P2. The algorithm then
recursively finds a separator for P1 and for P2, and returns the union of these separators
and B. In Section 3, we prove that the Point Isolation problem is NP-complete, even if no
disk contains any points. We believe that our hardness construction can be used to show
hardness for a variety of unit disk problems and we show two of them: in Section 4, we show
that the NP-complete Multiterminal Cut problem [9] (defined below) remains NP-complete
on unit disk graphs. Lastly, in Section 5, we show that removing a minimum subset of a
given collection of unit disks, such that the plane minus the arrangement of the remaining
disks consists of a single connected region is also NP-complete.

Problem 3 (Multiterminal Cut [9]). Given a graph G = (V,E) and set S ⊆ V of k
terminals, find a minimum cardinality set E′ ⊆ E of edges such that in G′ = (V,E \ E′)
there is no path between any two terminals in S.
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Related Work. Sankararaman et al. [16] investigate a notion of coverage which they call
weak coverage. Given a regionR of interest (which they take to be a square in the plane) and
a set D of unit disks (sensors), the region is said to be k-weakly covered if each connected
component of R −

⋃
D∈DD has diameter at most k. They consider the situation when a

given set D of unit disks completely covers R, and address the problem of partitioning D
into as many subsets as possible so that R is k-weakly covered by every subset.

Given two regions in the complement of the sensor arrangement, the resilience [13]
with respect to these two regions is the minimum number of sensors that need to be deac-
tivated so that there is a path between the two regions, not intersecting any sensor region.
In [6], a 3-approximation algorithm for computing the resilience for unit disk sensors is pre-
sented; the computational complexity of this problem remains open. In [12], it is shown
that computing the resilience for certain types of fat sensors, such as axis aligned rectan-
gles is NP-hard. In [3], it is shown that computing the resilience of a set of line segment
sensors is NP-hard. This was extended in [20] to hold even for unit length line segments.
The reductions of both [12] of [20] have some resemblance to our NP-hardness reduction,
since they both reduce optimization problems on graphs to the resilience problem in a sen-
sor network modeling the graph instances. In the context of separation, [3] addresses the
two-point separation problem for a set of line segments. They show that the problem in fact
admits a polynomial-time exact algorithm. This work was later extended in [7] to include
an exact O(n3) time algorithm for solving the two-point separation problem on unit disks.
Furthermore, they present a hardness result similar to ours, which holds for unit circles.
They reduce a version of PLANAR-3-SAT to the circle separation problem using variable
gadgets consisting of intersecting circles. But since they place points into the faces of these
intersecting circles, their reduction cannot be applied to unit disks. This holds since any two
points contained in a disk are by definition separated and disks thus do not provide enough
degrees freedom for the variable gadgets to work.

2 Approximation Algorithm

We will refer to the standard notions of vertices, arcs, and faces in arrangements of disks [2].
In particular, for a set D of n disks, we are interested in the faces in the complement of the
union of the disks in D. These are the connected regions in the arrangement of R2\

⋃
D∈DD,

which, by slightly abusing notation, we will write as R2 \ D.
Definition 4. For any disk in an arrangement of disks D, we refer to each maximal con-
nected subset of its boundary which is not contained in any other disk as a boundary arc;
see Figure 2. We denote the collection of all boundary arcs of all disks in D by B(D).

Theorem 5 (Theorem 3.1 in [11], (see also [15])). If |D| ≥ 3, it holds that |B(D)| ≤ 6|D|−12.

Observation 6. Let D be a set of at least 3 disks in the plane, and Q a set of points so that
(a) no point from Q is contained in any disk from D, and (b) no face in R2 \ D contains
more than one point of Q. It then holds that |Q| ≤ 2|D| − 4.

Proof. Since each connected region in R2 \D is bounded by at least three boundary arcs and
no boundary arc appears in two regions, it follows from Theorem 5 that |Q| ≤ 2|D| − 4.
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Figure 2: Illustration of the boundary arcs (in black) of an arrangement of disks (in gray).

Covering vs. Separating. The input to our problem is a set D of n unit disks, and a set
P of k points such that D separates P . Let Pc ⊆ P denote those points contained in some
disk of D and let Ps denote the remaining points. Note that it follows from our definition of
separation that any point contained in a disk is separated from all other points. Computing
a minimum set cover of D for Pc is thus equivalent to solving the Point Isolation problem
for the points in Pc. We first compute an α-approximation for the smallest subset of D that
covers Pc. We then compute a β-approximation for the smallest subset of D that separates
Ps. We claim that the combination of the two solutions is an (α + β)-approximation to
the Point Isolation problem. To see this, let OPT ⊆ D denote an optimal subset that
separates P . Suppose that OPT covers k1 of the points in Pc and let k2 = |Pc| − k1.
By Observation 6, it holds that k2 ≤ 2|OPT |. Picking one disk to cover each of the k2
points of Pc not covered by OPT , we see that there exists a cover for Pc of size at most
|OPT |+ k2 ≤ 3|OPT |. Thus, an α-approximate solution to this set cover problem has size
at most 3α|OPT |. Since OPT also separates Ps, a β-approximation for Ps uses at most
β|OPT | disks. Since the α-approximate set cover algorithm separates each point in Pc from
all the points in P and the β-approximate algorithm separates each point in Ps from all the
points in P , the two algorithm combined provide a solution to the Point Isolation problem
that has size (3α+ β)|OPT |.

Using the PTAS of [14] for the points in Pc results in α = 1 + ε, with ε > 0; its
running time is O(n2(

8
√
2
ε

)2+1|Pc|), for 0 < ε ≤ 2, (see [1]). In the rest of this section, we
assume that no point of P is contained in any disk of D and we present a 6-approximation
algorithm for the Point Isolation problem in this setting, i.e., we show that β = 6. Thus
combining the two algorithms yields a (9 + ε)-approximation algorithm.

Algorithm For a set Q of points separated by a set D of unit disks, such that no point
of Q is contained in any disk of D, we will show that the following algorithm yields a
6-approximation for the Point Isolation problem in this setting.
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Figure 3: Illustration of the charging scheme. (a) A separating arrangement computed by
recSep, where the colors of a disk encode the separators it is contained in. Disks of two
colors appear in two separators (For example, the two-colored disks in the lower left appear
in both Be and Bd). (b) The execution tree of recSep and the corresponding charging of
the separators to the leaves.

recSep(Q, D)

1. If |Q| ≤ 1, return ∅.

2. For every pair of points s, t ∈ Q, invoke the algorithm of [7] to find a minimum
cardinality subset Bs,t ⊆ D such that Bs,t separates s and t.

3. Let B denote a minimum size separator Bs,t over all pairs s, t ∈ Q.

4. Let Q1 and Q2 be the partition of Q into two subsets such that each subset corresponds
to points in the same face induced by the arrangement of disks in B.

return B ∪ recSep(Q1, D) ∪ recSep(Q2, D)

Since in any recursive call, both Q1 and Q2 contain fewer points than Q, the
recSep(P , D) algorithm indeed yields a separator for P . Computing a single sepa-
rator Bs,t takes time O(n3) (see [7]), and thus computing B takes time O(k2n3). Since there
are at most k separation steps, the total running time of recSep(P , D) is O(k3n3).

In each recursive step, Q is partitioned into two sets Q1 and Q2, thus the execution-
tree of recSep is a binary tree where the leaves correspond to the points in Q and the
internal nodes correspond to the computed separators. Each such separator separates all
points in its left subtree from the points in its right subtree. It is easy to see that a tree,
where each internal node has at least 2 children, has more leaves than internal nodes. After
the execution of the algorithm, we charge each separator Bp to an arbitrary point p ∈ P
appearing as a leaf in the subtree rooted at Bp, such that each point in P gets charged at
most once (see Figure 3). In the optimal separating arrangement OPT , we let Fp be the

http://jocg.org/


JoCG 7(1), 540–557, 2016 545

Journal of Computational Geometry jocg.org

disks contributing to the boundary of the face containing only p ∈ P . For any p ∈ P , it
holds that |Bp| ≤ |Fp|, since otherwise the smallest separator in the corresponding recursive
call would be Fp, not Bp, contradicting optimality of Bp. Letting B(OPT ) denote the set
of boundary arcs of the disks from OPT , and PB ⊆ P be the set of points to which the
separators were charged, we bound the number of disks returned by recSep using the
following inequalities

|recSep(P , D)| ≤
∑
p∈PB

|Bp| ≤
∑
p∈P
|Fp| ≤ |B(OPT )| ≤ 6|OPT |.

The first inequality holds because each disk used by the algorithm appears in at
least one separator, the second inequality was argued above. To see the third inequality,
observe that if a disk of OPT appears in Fp1 , . . . , Fpi , then its boundary appears in at least
i different regions induced by the disk arrangement of OPT and thus by definition, this disk
contributes at least i boundary arcs to B(OPT ). The last inequality holds, by Theorem 5.

This proves the following theorem.

Theorem 7. The Point Isolation problem can be approximated within a factor of 9 + ε in
general and within a factor of 6 if no point is contained in a disk of D.

3 NP-Completeness of the Point Isolation Problem

We show NP-completeness of the (decision version of the) Point Isolation problem, by re-
ducing the Planar Subdivision problem (which we introduce in Problem 10) to it. This
problem will be shown to be NP-complete in Theorem 11, by a reduction from the Planar
Multiterminal Cut problem which is NP-hard according to Theorem 9.

Problem 8 (Planar Multiterminal Cut [9]). Given a simple planar graph G = (V,E) and
a set S ⊆ V of k terminals, find a minimum cardinality set E′ ⊆ E such that in G′ =
(V,E \ E′), there is no path between any two nodes in S.

Theorem 9 ([9]). If k is not fixed, the Planar Multiterminal Cut problem is NP-complete.

Problem 10 (Planar Subdivision). Given a simple planar graph G = (V,E), its planar
embedding and a set S of k faces of G, find a minimum cardinality set E′ ⊆ E such that in
the planar embedding of G′ = (V,E′) - where the vertices of G′ are embedded in the same
way as those of G - any path between any two points in two faces of S gets intersected by at
least one embedded edge of E′.

Theorem 11. The Planar Subdivision problem is NP-complete, even on connected graphs.

Proof. Given an instance I1 = (G1, S1) of the Planar Multiterminal Cut problem, with
G1 = (V1, E1), we embed G1 in the plane (using for example the linear time algorithm
of [17]) and we build an instance I2 = (G2, S2) of the Planar Subdivision problem with
G2 = (V2, E2) as follows: We let G2 = (V 2, E2) be the geometric dual multigraph of the
embedded graph G1. The geometric dual is constructed by placing a vertex in each face
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of G1 and adding an edge between two such vertices if the corresponding faces in G1 had
an edge in common. Then we create a simple graph G2 from G2 by subdividing each edge
{u, v} ∈ E2 into {u, x} and {x, v} by adding a new vertex x to V2. We embed G2 in the
plane and let S2 be the set of faces of G2 whose dual vertices are in S1. Observe that an
optimal solution OPT ⊆ E2 for I2 uses an edge {u, x} if and only if it uses edge {x, v}, with
{u, v} ∈ E2, since only using one of the two subdivision edges does not change the partition
of the plane, with respect to the embedding of G2. Let OPT∪ ⊆ E2 denote the edges of
G2 obtained from OPT by merging any subdivision edges {u, x}, {x, v} ∈ OPT into {u, v},
thus |OPT | = 2|OPT∪|. We denote by OPT ∗∪ ⊆ E1 the duals of the edges in OPT∪. We
claim that OPT is an optimal solution for I2 if and only if OPT ∗∪ is an optimal solution for
I1. To see this, let E′1 be an arbitrary subset of E1, let E

′
2 ⊆ E2 be the dual edges of E′1 and

let E′2 ⊆ E2 be the subdivision edges in G2 corresponding to E′2. Two vertices u, v ∈ S1 are
connected by a path (u, v1, . . . , vl, v) in G′1 = (V1, E1 \E′1) if and only if there is a sequence
u∗, v∗1, . . . , v

∗
l , v
∗ of adjacent faces in G2, which, in G′2 = (V2, E

′
2), are merged into one face.

Therefore, I2 has a solution of size 2M if and only if I1 has a solution of size M ; the factor
2 stemming from subdividing each edge of G2. Since the Planar Multiterminal Cut problem
is NP-complete on connected graphs and the dual of a connected graph is connected, the
Planar Subdivision problem is NP-complete, even on connected graphs. Containment in NP
follows, since we can transform a potential solution for I2 back to I1 (by constructing its
dual graph) and test in polynomial time if the terminal nodes are pairwise separated.

Corollary 12. Solving the Point Isolation problem for line segments instead of disks is
NP-complete.

The reduction now takes an instance I2 = (G2, S2) of the Planar Subdivision prob-
lem, with G2 being a connected embedded graph and transforms it in polynomial time to
an instance I1 = (D, S1) of the Point Isolation problem. We do this by first transforming
the embedding of G2 to an equivalent straight line embedding on an n× n integer grid. We
will use Lemmas 13, 14 and 15 below to argue that there is enough space in the construction
to replace each edge by a path of unit disks such that no two such paths of different edges
intersect.

In [17], a linear time algorithm is presented which constructs a drawing of a planar
graph on n vertices, crossing free using straight line segments and having its vertices lie on
an n× n grid1; we call such an embedding a grid embedding.

Lemma 13. For any Planar Subdivision instance (G,S), with G = (V,E) being a connected
graph on n vertices, there exists a grid embedding of G, such that every solution in the original
embedding is a solution in the grid embedding and vice versa.

Proof. We say that two embeddings of a graph in the plane are equivalent, if they are
homeomorphic to each other, i.e., one can be continuously transformed into the other. It
is well known that every maximal plane graph on at least four vertices is three-connected
(Corollary 4.4.7 of [10]) and that every three-connected graph has a unique embedding
according to Whitney’s Theorem (modulo the choice of the outer face). Given an embedding

1In [17] it is shown that this is even possible on an (n− 2)× (n− 2) grid, but for us an n×n grid suffices
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Σ of G, we make G maximally plane by adding 3|V | − 6− |E| edges to G, obtaining a new
graph G′ having a corresponding embedding Σ′. Embedding G′ on an n × n grid and
removing the 3|V | − 6− |E| additional edges thus results in a grid embedding Σ of G which
is equivalent to Σ. It thus holds that every solution for a Planar Subdivision instance in the
embedding Σ of G is a solution in the grid embedding Σ of G and vice versa.

We now present two lemmas which will be useful for arguing that in a grid embedding,
each edge can be replaced by a path of disks such that no disks of different paths intersect.

Lemma 14. In an n × n grid, the minimum distance between any line l through two grid
points and any grid point not on l is (2n2 − 2n+ 1)−

1
2 .

Proof. W.l.o.g., we fix one point on l to (0, 0). Denoting the second point on l by (a, b),
we get a line equation of bx − ay = 0. Thus, the distance from a point (c, d) to l is
|bc−ad|√
b2+a2

. Furthermore, we can assume that gcd(a, b) = 1 since otherwise we can divide both
coordinates by gcd(a, b). Thus, setting a = n and b = n − 1 maximizes a2 + b2, given
gcd(a, b) = 1 and the minimum non-zero distance is thus at least (2n2 − 2n+ 1)−

1
2 .

Lemma 15. In an n × n grid, for any grid point p, the minimum angle between any two
distinct lines, each going through p and at least one other grid point respectively, is larger
than 2 arctan 1/(6n2).

Proof. Let g and h denote two lines through p and (a, b) and (c, d) respectively, having
minimum angle, and let the slope of g be larger than the slope of h. First, observe that the
slopes of g and h have the same sign, since otherwise their angle is not minimal. Therefore,
it is easy to see that the minimum angle between g and h is obtained when p = (0, 0). Due
to symmetry we can further restrict g and h to be contained in the lower right triangle
portion {(i, j) | 0 < j ≤ i ≤ n} of the grid. Since b/a > d/c, due to monotonicity of arctan,
it holds that arctan b/a − arctan d/c = arctan b/a−d/c

1+bd/(ac) = arctan bc−ad
ac+bd ≥ arctan 1

2n2 . The
last inequality holds since all coordinates are integers. Thus, bc−ad ≥ 1 and ac+ bd ≤ 2n2.
The Lemma then follows from the fact that arctan(x) > 2 arctan(x/3) holds for all 0 < x <√

3.

In the remainder of this section, we are going to prove the following theorem.

Theorem 16. The Point Isolation problem is NP-complete, even if no point is contained in
a disk.

In order to prove Theorem 16, we reduce an instance I2 = (G2, S2) of the Planar
Subdivision problem, with G2 being a connected embedded graph in polynomial time to an
instance I1 = (D, S1) of the Point Isolation problem; note that solving I2 is NP-complete
according to Theorem 11. We do this by first transforming the embedding of G2 to an
equivalent straight line embedding on an n× n integer grid as argued in Lemma 13.

We then replace each edge in the embedding by an edge gadget of Definition 17. Such
an edge gadget is depicted in Figure 5(a) and consists of a path of disks constructed in such
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Figure 4: (a) An instance I2 = (G2, S2) of the Planar Subdivision problem, with S2 =
{f1, f2}. (b) The corresponding instance I1 = (D, S1) of the Point Isolation problem using
the Vertex- and Edge gadgets defined in this section, with S1 = {p1, p2}.

a way that every edge gadget contains the same amount of disks, regardless of the length
of the corresponding embedded edge. Furthermore, the dimensions of each edge gadget are
carefully chosen so that no two disks of different edge gadgets intersect. Having replaced
each edge by an edge gadget, we replace each vertex by a vertex gadget of Definition 18,
shown in Figure 5(b). A vertex gadget for a vertex v consists of a cycle of disks which
are circularly arranged around v. An edge gadget for an edge {u, v} will have non-empty
intersection with the vertex gadgets for both u and v, but does not intersect any other
vertex or edge gadgets. Furthermore, all vertex gadgets are pairwise disjoint. If we denote
the collection of all disks contained in the vertex- and edge gadgets by D, then each face in
the embedding of G2 has a corresponding connected region in the arrangement R2\

⋃
D. For

each face s2 ∈ S2 in the embedding of G2, we place a point s1 into this corresponding region
and add s1 to S1. We thus obtain an instance I1 = (D, S1) of the Point Isolation problem.
The main task of the reduction is to choose the radius of the disks and the dimension of
the gadgets such that every edge gadget consists of the same amount of disks and all edge
gadgets are disjoint. Thus, on I1, removing any disk D from an edge gadget merges the
two adjacent regions in R2 \ (

⋃
D \ {D}). Note that this is not true for vertex gadgets,

i.e., removing disks from vertex gadgets does not necessarily merge any regions containing
points. In order to infer the solution size for I2 from the solution size of I1, i.e., retrieve
the number of edges removed from G2 from the number of disks removed in the solution
for I1, we have to choose the number of disks contained in a single edge gadget to be larger
than the number of disks contained in all the vertex gadgets together. We will make this
argument formal in Lemma 19.

Definition 17. An edge gadget (see Figure 5(a)) for a grid-embedded edge e = {u, v} of
length 2s+ 2a+ b is a path of disks which can be thought of as being placed in an elongated
octagon of height h and length 2a + b. Every edge gadget consists of a path of CE many
radius r disks which are arranged as a straight path at the beginning and the end of the
gadget, which we call hallways, and as an up-down path in the middle part which we call a
cabin. While CE, a, h and s are constant for all edge gadgets, b may vary from 1− (2s+2a)
to
√

2n− (2s+ 2a), depending on the length of the embedded edge e.

The constants a, h and s will be fixed later in this section in such a way that no two
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Figure 5: (a) An illustration of an edge gadget replacing the edge {u, v}, (b) an illustration
of a vertex gadget.

disks in two different edge gadgets intersect and that at least one disk of an edge gadget
intersects the incident vertex gadgets respectively. We define CE = d

√
2n−2s
2r e, since this

amounts to the number of disks of radius r needed to represent the longest edge in an n×n
grid embedding as a straight line path of touching disks. Note that we take r as the unit
measure for the disks. Since each edge gadget needs to contain an equal amount of disks,
we have to place CE − a/r disks into the cabin of any edge gadget. Arranging the disks in
cabins (for edges of length <

√
2n) as an up-down path as described in Definition 17 (and

shown in Figure 5(a)) allows us to put a path consisting of up to
⌊
h
2r

⌋
·
⌊
b
2r − 1

⌋
many disks

into the cabin.

Definition 18. A vertex gadget, shown in Figure 5(b), for an embedded vertex v consists of
a cycle of CV = dπs/re many intersecting disks of radius r which are centered on a circle of
radius s centered at v

Since the first and last disks of an edge gadget for an edge e = {u, v} have a point
at distance s from u and v respectively, it is easy to see that if CV ≥ 4, these disks have a
non-empty intersection with the disks of the vertex gadgets for u and v respectively.

In the following lemma we show how to retrieve a solution for an instance I2 of the
Planar Subdivision problem from the solution for I1, where I1 is built using the construction
described above.

Lemma 19. An instance of I2 = (G2, S2) of the Planar Subdivision problem has a solution
of size at most k2 if and only if I1 of the Point Isolation problem has a solution of size at
most CE(k2 + 1)− 1, where I1 is built out of I2 using the construction described above.

Proof. Removing any disk D from an edge gadget merges the two adjacent regions in R2 \
(
⋃
D \ {D}). Thus, I2 has a solution consisting of the corresponding k2 edges, if and only

if I1 uses all the disks of k2 edge gadgets. On the other hand, removing a disk from a vertex
gadget does not necessarily merge two regions. Thus, a solution for I1 may contain no disks
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or all disks of any vertex gadget. Since according to constraint 7, it holds that nCV < CE ,
it follows that if I2 has a solution of size at most k2, then I1 has a solution of size at most
CEk2 +nCV ≤ CE(k2 + 1)− 1. On the other hand, if I1 has a solution consisting of at most
k1 = CE(k2 + 1) − 1 disks, if follows that I2 uses at most k1/CE < k2 + 1 edges and thus
the lemma follows.

Since the two-point separation algorithm of [7] can be used to test whether all points
of P are separated in a potential solution D′ ⊆ D of the Point Isolation problem, it follows
that its decision version is indeed contained in NP.

In order to finish the proof of Theorem 16, we need to show that the reduction is
geometrically feasible. We thus choose the radius r of the disks and the height h of the
edge gadgets such that the seven constraints below hold. These constraints ensure that no
two vertex gadgets intersect (1), no two edges gadgets intersect (3, 4, 5), no edge gadget
intersects any non-incident vertex gadget (2) and all edge gadgets have an equal amount of
disks (6), and a single edge gadget contains more disks than all the vertex gadgets combined
(7). If we set a = 1/4 it follows that b is at least 1/2 − 2s in every edge gadget. We
furthermore fix s to r(6n2 − 1). Choosing the radius r to be 1

40n4 and the height h to be
1

12n2 it is easy to see that the following seven constraints are satisfied for all n ≥ 2.

1. No two vertex gadgets intersect: 2(r + s) < 1

2. No edge gadget intersects any vertex gadget other than the ones at its two endpoints:
r + s+ h/2 < (2n2 − 2n+ 1)−

1
2 , using Lemma 14

3. No edge gadget intersects another edge gadget if the corresponding edges do not share
a common vertex: 2h2 < (2n2 − 2n+ 1)−

1
2

4. No disk placed in the cabin of an edge gadget intersects any disk in any incident edge
gadget: h/2 < s+a

6n2 , using Lemma 15

5. No two disks contained in the hallways of two incident edge gadgets intersect each
other: s ≥ r

sin (2 arctan(1/(6n2))/2)
− r > r(6n2 − 1), using Lemma 15 and the fact that

the minimum distance of two disjoint lines segments occurs at an endpoint of one

6. The cabin of every edge gadget is big enough so that the whole gadget contains a path
of CE many disks:

⌈√
2n−2s
2r

⌉
− 2

⌈
a
2r

⌉
≤
⌊
h
2r

⌋
·
⌊
1−2(s+a)

2r − 1
⌋

7. An edge gadget contains more disks than all the vertex gadgets combined: CE > nCV

Plugging the calculated values r = 1
40n4 and s = r(6n2 − 1) into CE , which we

earlier defined to be d
√
2n−2s
2r e yields that an edge gadget consists of

⌈
(20
√

2n5 − 6n2) + 1
⌉

disks. Analogously, plugging the calculated values into CV , which is defined as dπs/re,
yields that a vertex gadget consists of

⌈
π(6n2 − 1)

⌉
many disks. We can conclude that the

above construction can be computed in polynomial time.
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Figure 6: (a) An example of an Edge Gadget for an edge of weight 5 in the proof of Theorem
20. (b) The vertex gadget for vertex v, where γ is a path of unit disks and σ is a cycle of
disks. Each disk shown in γ and σ corresponds to 16 perturbed copies of it; the red disk is
the centroid disk Dv.

4 Multiterminal Cut Problem on Unit Disk Graphs

In this section we are going to prove the following theorem about unit disk graphs, i.e.,
intersection graphs of a collection of unit disks in the plane.

Theorem 20. The (Unweighted) Multiterminal Cut problem remains NP-complete on unit
disk graphs, if k is not fixed.

Proof. We make a reduction from the following weighted version of the planar Multiterminal
Cut problem, which was proven to be NP-complete in [9].

Problem 21 ([9]). Given an edge-weighted planar graph G = (V,E), where each edge has
a weight in {1, . . . , 5} and each vertex has degree at most 3, and given set S ⊆ V of k
terminals, find a minimum weight set E′ ⊆ E of edges such that in G′ = (V,E \E′) there is
no path between any two terminals in S.

Let I2 = (G2, S2) be an instance of the restricted version of the planar Multiterminal
Cut problem described in Problem 21. We embed G2 = (V2, E2) crossing free into an n× n
grid, replace each edge by an edge gadget of Definition 22 (see Figure 6(a)) and each vertex
by a vertex gadget of Definition 23 (see Figure 6(b)). We then construct the embedded unit
disk graph G1 = (V1, E1) of the disks in all vertex and edge gadgets.

Definition 22 (Edge Gadget). An edge gadget for an embedded edge e = {u, v} of weight
w ∈ {1, . . . , 5} consists of w paths of radius r disks, which are pairwise disjoint in the cabin of
the gadget but start and end from the same point respectively, as shown in Figure 6(a). Both,
start and end point are w slightly perturbed copies of a single disk touching the boundary of
the gadget.
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It thus holds that inside an edge gadget for an edge {u, v} of weight w, removing w
many edges (from the cabin) in G1 disconnects u from v inside the subgraph of G1 corre-
sponding to this edge gadget, but removing fewer than w edges leaves u and v connected in
this subgraph. Note that if the w paths in the cabin weren’t disjoint, it didn’t necessarily
hold that removing w edges from the unit disk graph in the cabin separates the two end-
point of the gadgets (since arbitrarily intersecting disks can form highly connected unit disk
graphs.)

Definition 23 (Vertex Gadget). For a vertex v, the vertex gadget consists of 16 slightly
perturbed copies of a cycle of CV = dπs/re disks of radius r which are centered on a circle
of radius s around v as shown in Figure 6(b). We denote the arrangement of those 16 copies
by σ. Furthermore, we place a centroid disk Dv centered at the coordinates of v and connect
it to σ by 16 slightly perturbed copies of a path of radius r disks which we denote by γ in
Figure 6(b).

We build a set S1 ⊆ V1 of terminals, by putting the vertex corresponding to the
centroid disk Dv into S1 for every vertex gadget, corresponding to a vertex v ∈ S2 ⊆ V2.
From this set S1, together with the unit disk graph G1 constructed above, we obtain an
instance I1 of the Unweighted Multiterminal Cut problem on unit disk graphs.

Since both edge and vertex gadgets have the same dimension as the gadgets of the
previous section, it holds that all edge gadgets are pairwise disjoint, all vertex gadgets are
pairwise disjoint and no edge gadget intersects any vertex gadget other than the ones of
its end vertices. There, each of the w copies of the last disks intersect at least one 16-disk
cluster of the vertex gadget. Note that in the vertex gadget, each vertex in the corresponding
subgraph of G1 has degree at least 16. Thus removing less than 16 edges in this subgraph
does not disconnect any two vertices in this subgraph; therefore, an optimal solution for I1
does not remove any edge from the subgraphs of the vertex gadgets. Furthermore, it is easy
to see that E′2 ⊆ E2 is a solution of weight k for I2 if and only if S1 gets disconnected in I1,
by removing a total of k edges in the edge gadgets corresponding to the edges in E′2. Since
the reduction from I2 to I1 can be done in polynomial time, Theorem 20 follows.

5 All-Cells-Connection Problem for Unit Disks

While the Point Isolation problem can be interpreted as asking for the minimum number
of sensors which have to be turned on to detect any transition between the input points,
the All-Cells-Connection problem, as defined below, can be interpreted as asking for the
minimum number of sensors which have to be turned off so that an intruder can transition
between any connected region induced by the sensors (see Figure 7). In the context of line
segment sensors, the All-Cells-Connection problem was shown to be NP-complete in [3] and
we reuse their reduction idea in this section for unit disk sensors.

Problem 24 (All-Cells-Connection for unit disks). Given a set D of unit disks embedded
in the plane, remove a minimum cardinality subset D′ of D such that the plane minus the
arrangement of the remaining disks, i.e., R2\

⋃
(D\D′), consists of a single connected region.

Theorem 25. The All-Cells-Connection problem for unit disks is NP-complete.
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(a) (b)

Figure 7: An example of the All-Cells Connection problem for unit disks. (a) A set D of
unit disks with its merging subset D′ in red. (b) Illustration of R2 \

⋃
(D \ D′), consisting

of a single connected region.

Proof. For a given graph, the Feedback Vertex Set problem (FVS) asks for the minimum
cardinality subset of vertices to be removed such that the remaining subgraph is acyclic.
In order to prove Theorem 25, we are going to reduce a restricted version of FVS to the
All-Cells Connection problem for unit disks. In [18] (see also [19]), it is shown that FVS is
NP-complete in planar graphs of maximum degree 4. Given such an instance G = (V,E),
we embed it into an n × n grid and replace each edge with the edge gadget2 of Definition
17. We further replace each vertex with a vertex gadget, described below; we refer to the
collection of all disks used in the vertex and edge gadgets as D.

The idea of the vertex gadget for a vertex v is to center a radius r disk Dv at v and
connect the, at most 4, incident edge gadgets to Dv, using simple paths which are pairwise
disjoint; below we will argue that this is always possible. It then follows that removing disk
Dv merges the up to 4 regions adjacent to Dv. Removing a disk in an edge gadget for an
edge {u, v} never merges more regions than removing Dv (or Du). Therefore, G has a FVS
of size k if and only if the corresponding All-Cells-Connection Problem for D has a solution
of size k.

We now first provide a conceptual description of the vertex gadget and then we will
replace its conceptual paths by pairwise disjoint paths of intersecting disks of radius r. For
an embedded vertex v, which has 1 ≤ i ≤ 4 incident edges e1, . . . ei, where in the grid
embedding edge ej has an angle αj with the x-axis. We center a cross at v, which consists
of four perpendicular rays a1, . . . , a4 introducing four quadrants I, II, III, IV in clockwise
order, as shown in Figure 8(a). The cross is oriented such that (1) at least one of the incident
edges lies on ray a1, (2) its clockwise quadrant I does not contain any edge incident to v, (3)
quadrant II contains at most one edge incident to v and (4) quadrant II and III together
contain at most two edges incident to v. To see that this is always feasible, center the cross
on an edge such that the first quadrant is empty, this is always possible by the pigeon hole
principle. Now at most one constraint, either (3) or (4), is violated. If constraint (3) is
violated, this implies that quadrants III and IV together contain only one edge, which if
chosen to lie on the axis (i.e., used to satisfy constraint I) results in a cross satisfying all
constraints. If, on the other hand, constraint (4) is violated, this means that quadrants III

2The fact that all edge gadgets contain the same amount of disks is irrelevant for the reduction. The
only relevant property is that the disks in each edge gadget form a simple path.
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Figure 8: (a) A conceptual illustration of the Vertex gadget. The cross, satisfying the
four constraints below, is depicted as dashed rays a1, . . . , a4. Edge e1 lies on a1. Axes
a2, . . . , a4 are connected to the edges e2, . . . , e4, which are truncated by 12r, 8r, 4r from v
respectively, by arcs of radius 12r, 8r, 4r until reaching α2, α3, α4 and thereby e2, . . . , e4. (b)
An illustration of an actual realization of a vertex gadget, having three edges in quadrant
IV. The red disk Dv is centered at v. The dashed circle has radius s and the dotted circles
have radii 12r, 8r, 4r respectively. Dv is connected by the paths π1, . . . , π4 to the last disks
D1, . . . , D4 of the edge gadget for the edges e1, . . . , e4 respectively, which have an angle of
α1, . . . , α4 with respect to the x-axis.

http://jocg.org/


JoCG 7(1), 540–557, 2016 555

Journal of Computational Geometry jocg.org

and IV together contain 3 edges. Choosing the last of these edges in clockwise orientation
to lie on the axis (i.e., used to satisfy constraint I) again results in a cross satisfying all
constraints.

Next, we truncate edges e2, . . . , ei to end at a distance of 12r, 8r, 4r respectively
from v. We then connect the truncated edges e2, . . . , ei to the rays a2, . . . , ai respectively,
by extending an arc of radius 12r, 8r, 4r from a2, . . . , ai until we reach α2, . . . αi respectively
and thereby orthogonally connecting all the edges e1, . . . ei to v, as shown in Figure 8(a).
Denoting by πj the path connecting edge ej to v, we realize the construction of the vertex
gadget by first centering a radius r disk Dv at v. We then center radius r disks on the paths
π1, . . . , πi such that consecutive disks intersect. Note that any point in the last disk of any
incident edge gadget has distance s− r = r(6n2− 2) to v, which is greater than 13r for any
n ≥ 2, and thus the whole vertex gadget is contained inside the circle of radius s around v.
Furthermore, it is easy to see that all paths of disks π1, . . . , πi are pairwise disjoint.

To show containment in NP, we put a point in each connection region of R2 \ D.
As in the proof of Lemma 19, we use the two-point separation algorithm of [7] to test in
polynomial time for each pair of points whether there exists a path not intersecting any
disks in D \D′. It follows that the decision version of the All-Cells Connection problem for
unit disks is indeed contained in NP.

Since this reduction can be done in polynomial time, Theorem 25 follows.

Corollary 26. Given a set P of k points and a set D of unit disks in the plane separating
P , it is NP-complete to find a minimum cardinality subset D′ of D such that there is a path
between any two point in P not intersecting any disk in D \ D′.

Note that the problem of this corollary is a generalization of the Barrier Resilience
problem from 2 to k points. The computational complexity of the Barrier Resilience problem
for 2 points is still open in the unit disk setting [6].
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