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Abstract — The multidual differentiation method has been implemented in a ray-tracing transport simula-
tion for the purpose of calculating arbitrary-order sensitivities of the uncollided particle leakage. This
method extends dual number differentiation by perturbing variables along multiple nonreal axes to
calculate arbitrary-order derivatives. Numerical results of first-through third-order multidual sensitivities
of the uncollided particle leakage with respect to isotope densities, microscopic cross sections, source
emission rates, and material interface locations (including the outer boundary) are shown for a two-region
sphere. The relative error of first and second partial derivatives with respect to isotopic parameters and
first partial derivatives of the leakage with respect to interface locations are within 9.8E—10% of existing
adjoint-based sensitivities. Higher-order multidual-based derivatives that are not available with the adjoint
method are in excellent agreement with central difference approximations.

Keywords — Multidual sensitivity, high-order derivatives, ray-tracing transport simulation.

Note — Some figures may be in color only in the electronic version.

I. INTRODUCTION

Incorporating hypercomplex variables and algebra into
existing software and numerical algorithms provides
a convenient method to compute accurate numerical deriva-
tives. The advantage of this approach is that the real-variable
algorithms and software require minimal alterations, that is,

*E-mail: fave@lanl.gov

This material is published by permission of the CONsortium on Nuclear
sECurity Technologies (CONNECT), for the U.S. Department of
Energy National Nuclear Security Administration under Contract No.
DE-NA0003948. The US Government retains for itself, and others
acting on its behalf, a paid-up, non-exclusive, and irrevocable world-
wide use in said article to reproduce, prepare derivative works, distribute
copies to the public, and perform publicly and display publicly, by or on
behalf of the Government.

This is an Open Access article distributed under the terms of the
Creative Commons  Attribution-NonCommercial-NoDerivatives
License (http://creativecommons.org/licenses/by-nc-nd/4.0/), which
permits non-commercial re-use, distribution, and reproduction in any
medium, provided the original work is properly cited, and is not
altered, transformed, or built upon in any way.

no new formulations must be developed and programmed. In
general, the existing real variables of interest are “uplifted” to
hypercomplex, then perturbed along nonreal axes.
Computation of the existing, but now hypercomplex, numer-
ical algorithms yields the traditional results in the real part of
the output and derivatives in the nonreal parts.
Hypercomplex numbers contain a single real part and
multiple nonreal parts. Two types of hypercomplex numbers
are multicomplex and multidual numbers. The nonreal parts
of a multicomplex number are represented by an imaginary
number, i> = —1 (Ref. 1). The nonreal parts of a multidual
number are represented by the nonreal component of dual
number, ¢ = 0 where €#0 (Ref. 2). Hypercomplex differ-
entiation is an extension of the first-order derivative derived
from the complex Taylor series, known as the complex-step
method.”> Higher-order derivatives are derived with hyper-
complex algebra as outlined in Ref. 1 using multicomplex
variables and in Ref. 2 using multidual variables.
Hypercomplex differentiation has been applied to
many fields in engineering. For example, hypercomplex
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algebra has been implemented in finite element analysis
(FEA) to calculate second-order derivatives of the stiffness
matrix for energy release rate sensitivities.* A second-order
Kalman filter using multicomplex numbers was developed
in Ref. 5. Multidual numbers were implemented in
a computational fluid dynamics simulation for second-
order derivatives of the lift coefficient of an airfoil with
respect to angle of attack and Mach number.”

In the nuclear engineering field, the complex-step
method was applied to verify first derivatives computed
with other methods in MATWS, a code that “combines the
point-kinetics module from the SAS4A/SASSYS computer
code with a simplified representation of a reactor heat-
removal system.”® More recently, Ref. 7 implemented the
complex-step method in the neutron transport equation to
obtain first-order derivatives of the k-eigenvalue with
respect to nuclear cross sections. Also, the dual number
differentiation method was used in Ref. 8 to calculate first-
order partial derivatives for a sensitivity and uncertainty
analysis for a diffusion problem, again for the k-eigenvalue.

While complex and dual variables have been used to
compute first-order derivatives,® this paper computes
higher-order derivatives using multidual numbers. This
extension is significant. Complex and dual variables involve
a single imaginary axis, a concept familiar to engineers and
scientists. However, hypercomplex (including multidual)
numbers involve multiple imaginary axes defined in
a specific manner with formal algebraic rules. Hence, the
development of a numerical library to carry out the mathe-
matical operations for hypercomplex numbers requires
a significantly greater effort than complex or dual. This
paper is the first application of hypercomplex algebra to
compute higher-order derivatives within nuclear engineering.

Extremely efficient adjoint-based first derivatives of
many responses in transport theory have been available for
decades. Adjoint-based second derivatives have recently been
derived and implemented” " and even adjoint-based third
derivatives are now within reach.'” The multicomplex or
multidual approach will not benefit transport theory unless it
can provide something new. Currently, only first and second
derivatives for isotopic parameters (which include micro-
scopic cross section, source emission rate, and density) and
first derivatives for material interface locations have been
numerically calculated with the adjoint method (in this
paper, the phrase “interface locations” includes the outer
boundary)."" This paper shows how arbitrary-order partial
derivatives are obtained using multidual algebra and
describes how this method can be implemented in
a transport code.

Methods using higher-order derivatives have been devel-
oped in optimization, uncertainty quantification, and
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surrogate modeling but are often not employed due to the
high computational expense of calculating these derivatives.
The efficient calculation of higher-order derivatives will
allow broader use of second-order optimization methods
including Newton, conjugate gradient, quasi-Newton, Gauss-
Newton, and approximate greatest descent and third-order
optimization techniques, such as the Halley method.'>'*
Taylor series approximations of probabilistic moments using
arbitrary-order derivatives have been available for many
years,"” and applications of these equations are increasingly
being explored since high-order derivatives are becoming
more available. For example, a second-order sensitivity
study of the uncollided leakage found that the second-order
derivative term was the only contributing term for skewness.”
High-order Taylor series surrogate models are also being used
in engineering. Reference 16 showed that a probability den-
sity function produced from the sampling of a fourth-order
Taylor series surrogate model agreed well with sampling from
an FEA model for a ten-bar truss system.

The multidual differentiation method is presented in Sec.
II. An overview of the ray-tracing transport method is pre-
sented in Sec. III. The multidual differentiation method is
applied to a two-region sphere in Sec. IV. A summary of this
work as well as a discussion of the capabilities and limitations
of the multidual sensitivity method is given in Sec. V.

II. MULTIDUAL ALGEBRA TO COMPUTE AN
ARBITRARY-ORDER PARTIAL DERIVATIVE

The second-order partial derivative using multidual
numbers derived in Ref. 2 (the term “hyper-dual” num-
bers in Ref. 2 is the same as multidual numbers in this
paper) is summarized here and then extended to arbitrary-
order partial derivatives. Section II.A describes how first
derivative expressions are derived from a real, imaginary,
or dual step in the Taylor series expansion (TSE). The
method is then extended to multidual number steps
for second- and higher-order derivative expressions in
Sec. I1.B. The implementation of the multidual sensitivity
method in code is discussed in Sec. II.C.

IL.A. First-Order Partial Derivative Expressions

Expressions for partial derivatives can be derived
through the TSE of an analytic function f* that depends
on a real variable x with a step or perturbation of size &
applied to x. This TSE is expressed as

Sl B =£() + 1)+ g 1)

+%h3f’”(x) + .. (1)
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The choice of /4 in Eq. (1) can lead to different derivative
expressions. Finite difference approximations can be
derived when /4 is a real number. For example, the for-
ward difference approximation of the first derivative is
derived from Eq. (1) by solving for f’(x), which gives

g LN /)

+0(h) . (2)
Finite difference approximations require multiple function
evaluations and contain subtractive cancellation error and
truncation error.'” A convergence study is traditionally
needed to find the “optimal” step size A, although methods
for obtaining “near optimum”’ step sizes exist.'® However, this
method requires knowledge of the second derivative.
Applying the step in a nonreal direction alleviates these
limitations.

An imaginary step i# in Eq. (1) leads to an approx-
imation of the first derivative, known as the complex-step
derivative approximation.>'? This TSE becomes

1

SOt ih) =1 (x) + ihf'(x) = 51" (x)
g '
_z§h3f’”(x)+... , (3)
where the imaginary number i is defined as i> = —1.

Taking the imaginary part, denoted by Im[-], of Eq. (3)
and dividing both sides by 4 gives an approximation to
the first partial derivative:

Im[ f(x + ih)]

S0 === o(R) (4)

When # is sufficiently small, usually on the order of 10~1°
times the variable of interest, the complex-step derivative
approximation gives results with machine accuracy.™'?

Alternatively, a dual number can be used for the
nonreal step. Dual numbers are a subset of generalized
complex numbers.’*?! A dual number has the form
a + eb, where a and b are real numbers and e represents
the nonreal component. The nonreal component of a dual
number is defined under the constraint that €2 = 0, which
implies €” =0 for p > 2, and e# 0. Extraction of the
nonreal part of a dual number is denoted by
e part [a + eb] = b. A dual step, ek, in Eq. (1) gives

[ +eh) =f(x) + ehf’(x)

0 0
RS W) AR )+ (8)
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which truncates exactly at the first derivative. The first
derivative f”(x) is found by taking the nonreal part of both
sides of Eq. (5) and dividing by step size 4, which gives

Pl = € part [fh(x + eh)] . (©)

The dual step derivative in Eq. (6) has no subtraction
cancellation error, similar to the complex-step derivative
approximation in Eq. (4). It also has no truncation error
and therefore has no dependence on the step size 4. In
practice, a step size of 4 = 1 is chosen so that / can be
omitted from Eq. (6).

I1.B. Second- and Higher-Order Partial Derivative
Expressions Using Multidual Numbers

The derivation of second-order partial derivatives
using multidual algebra in Ref. 2 is summarized here
and then generalized to arbitrary-order partial derivatives
of functions with multiple variables. Consider a multidual
number with three nonreal parts where €;, €, and €;¢;,
are the first, second, and third nonreal parts, respectively,
and €1¢; = ey¢;.  These nonreal components are

defined under the constraints €2 = € = (6162)2 =0,
617'E O, 627’E 0, and €162 #* 0.

A multidual step with a perturbation in the ¢ and ¢,
nonreal directions of sizes /; and /,, respectively, and
zero perturbation in the e€je; direction in Eq. (1)
reduces to

f(x + e1h) + e2hy + 06162)
=f(x) + ethif'(x) + e2hyf' (x)
+ ereoh hof" (x), (7)

which truncates exactly at the second derivative. An
expression for the second derivative is derived from
Eq. (7) by taking the €;¢; part and dividing by 4 A,
which gives

y d*f (x)
f(x) = i
_ae part[ f(x + e1h + e2hy + O€€2)]

hihy

(8)

The second derivative using a multidual step in Eq. (8)
contains no truncation error and therefore does not
depend on step sizes /iy or hp. The step sizes can be
omitted from Eq. (8) when #; =1 and A, = 1.
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Partial derivatives of a function of m variables f(x),
where x = [xl,...,xi,...,xj,...,xm], can be calculated
by applying a nonreal step to each variable of interest.
For example, a second partial derivative of f(x) with
Respect to the variables x; and x;, azf (x)/0x;0x;, can be
found by applying a step to each variable in different
nonreal directions. A TSE of f(x) with the step €;/,e; +
e2h2e; + Oe ey reduces to

f(x+ ethie; + e2hoe; + Ocyer)
:f(xl,...,x,-—l—elhl,...,xj+62h2,...,xm)

0 0
=f(x)+ el J;SIC) + ehy JE;)(:)
62
+ e1e2hihy a;jé);j) ;

©)

where e; and e; are unit vectors with a value of one in the
i’th and j’th positions, respectively, and zeros elsewhere.
These unit vectors indicate the variables in x that the
steps are applied to. The first derivatives 0f'(x)/0x; and
0f (x)/0x; are found by taking the €; part and the e, part
of Eq. (9), respectively, and dividing by the appropriate
step size, Ay or /. The second derivative 0%/ (x)/0x;0x; is

€1 €, part] f(x + e hie + -+ huer + -+ 0ep - - €]

found by taking the €;¢, part of Eq. (9) and dividing by
hih,. This gives

of(x) « part| /' (x + elhe; + e2hre; + Oey€r) |

le- /’l] ’
(10)
oflx) e part| f(x + €1/h1€; + e2h2¢; + Oey€3) |
ij - ]’lz ’
(11)
and
azf(x) _€e part[f(x—f— e1he; + 62}12?/ + 06162)]
axian N h1h2 ’
(12)

which are equivalent to the expressions presented in
Ref. 2.

Furthermore, an expression for an n’th-order partial
derivative of f(x) can be derived using a multidual num-
ber with 2” — 1 nonreal parts. A step in different nonreal
directions is applied to each variable of interest. The
resulting n’th-order partial derivative of f(x) is

If0)

Ox; - - - Oxy,

= , 03

where e; through e; are unit vectors that indicate the variables in x that the step is applied to. The n’th-order partial
derivative expression in Eq. (13) has no truncation error and is therefore independent of step sizes 4;. It is convenient to
choose all step sizes equal to one so they can be omitted from Eq. (13):

SACY

m:61"'anart[f(x+€1ei+'”+6nek+”'+061”'6)1)] . (14)

Lower-order partial derivatives can be obtained from the same function evaluation in Eq. (14) by taking different
nonreal parts. For example, the third-order partial derivative, 0°f (x)/0x;0x;0xr, can be obtained from Eq. (14) using
n = 3 which gives

O’ f(x
L = €1663 part[f(x + erthie; + e2hye; + eshze; + Oejez + Oejez + Oexes + 0616263)] . (15)
0x;Ox;Oxy

Subsequently, first- and second-order partial derivatives can be found from the same function evaluation in
Eq. (15) as

SANS NUCLEAR SCIENCE AND ENGINEERING - VOLUME 195 - SEPTEMBER 2021
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O*f (x
axféx) = €16 part[f(x + ere; + e2e; + eze; + Ocrez + Ocrez + Oerez + 0616263)] , (16)
YA
0*f (x
a);fa(x) = €1€3 part[f(x + €€ + €26 + ezer + 06162 + 06]63 + 06263 + 0616263)] s (17)
VAL
O*f(x
6xféx) = 663 part[f(x + €1e; + €2¢; + e3€; + Ocrex + Oeje3 4 Oerez + 0616263)] , (18)
(i OXy
of (x
J;i) =€ part[f(x + €16 + e2¢; + e3e; + Oer e + Oere3 + Oerez + 0616263)] , (19)
of (x
]a:(C ) = ezpart[f(x +€1e; + €26 + e3¢, +0€1€2 + Oer €3 + Oeres + Oeje263)] (20)
j
and
of (x
%) = qpart[f(x + €€ + €26 + eze; + 06162 + 06163 + 06263 + 0616263)] . (21)
k

A numerical example of calculating derivatives from
a multidual step is shown in Appendix A.

II.C. Code Implementation of the Multidual
Differentiation Method

The only source code modifications needed to imple-
ment the multidual differentiation method are syntax
changes, based on the multidual algebra library, and inclu-
sion of Eq. (14) to extract sensitivities of the output. In
this work, a spherical ray-tracing transport code'' was
modified to calculate multidual-based derivatives, where
multidual algebra is handled by the MultiZ library.** With
this approach, traditional mathematical operations are
overloaded by the MultiZ library to use multidual algebra.

The implementation of multidual differentiation in
existing code is general. The following description
applies to procedural programming languages such as
Fortran or C, but can be extended to object-oriented
languages like Python or C++. A detailed description of
the multidual algebra library used here, MultiZ, is given

NUCLEAR SCIENCE AND ENGINEERING - VOLUME 195 - SEPTEMBER 2021

in Ref. 22. For all variables of interest, real-valued
variable types are transformed to multidual types. That
is, a real number is declared as a multidual number,
a vector is declared as a multidual vector, and a matrix
is declared as a multidual matrix. Similarly, any func-
tions that use these variables are also declared as multi-
dual. All remaining variables are left unchanged.
Multidual vectors and matrices are then allocated
based on the number of nonreal parts of the multidual
step. The external library handles array indexing so an
interface, defined in the external library, is called when
assigning or retrieving positions of arrays. A nonreal
step is applied to each variable of interest where they
are first calculated, following Eq. (14). Finally, sensi-
tivities are calculated by extracting nonreal parts of the
output using Eq. (14). A numerical example of
a multidual code conversion is shown in Appendix A.
The minimum number of nonreal parts in a multidual
step is 2" — 1 for an n’th-order partial derivative calcula-
tion. So, a separate function evaluation is needed for each
n’th-order partial derivative with a multidual step contain-
ing the minimum number of nonreal parts. The function

@ANS
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can be placed inside a loop where different steps are
applied to the appropriate variables on each run for each
n’th-order partial derivative calculation. Algorithms that
leverage lower-order derivative calculations from
a higher-order multidual step may be developed; see
Egs. (15) through (21). However, the number of multi-
dual algebraic operations grows rapidly with the number
of nonreal parts, which will increase computational mem-
ory and run time.

IIl. APPLICATION TO UNCOLLIDED TRANSPORT (RAY
TRACING)

Photopeaks in a gamma-ray spectrum may be calcu-
lated by assuming that there is no scattering into the peak
and that a simple detector efficiency curve converts par-
ticles entering the detector to counts in the peak. Under
these assumptions, there is no scattering in the transport
equation, and the leakage of uncollided particles or the
flux of uncollided particles on the boundary becomes the
quantity of interest. This simplified transport equation is
solved in this work using the deterministic ray-tracing
simulation called SENSPG developed by Ref. 23 and
described as follows using an example.

Consider the two-region sphere shown in Fig. 1. If
only the center region emits gamma rays, the uncollided
angular flux y(r,,0) at the detector point r, at angle 0
with Respect to the surface normal at ry is''?

Fig. 1. Ray-tracing in a two-region sphere.

@ANS

(1—e®®)e™% 0 <sin(0) < 2
<sin(0) <1 7

(22)

q1
y(ra,0) = { I

where g and X; are the source rate density and macro-
scopic cross section for the material in region £ and the
other quantities are shown in Fig. 1. These material
quantities are computed from isotopic quantities using

I
qr = Z]vi(h,i (23>
=1
and
I
X = ZNiGi ; (24)
i=1

where N; is the atom density of nuclide 7 in region &, and
ge; and o; are its source emission rate and microscopic
cross section. The total uncollided leakage L is
cos(0)y(ry,0) integrated over 6 (in a spherical coordi-
nate system) and over the surface area®:

L= JdSJanindO sin(0) cos(0)y(r4,0)

asin | 2
= 2nr§J <2) d0 sin(0) cos(0) qr (1 _ e’zl‘b(e))
0 Y

w ¢ 224(0) ,

(25)

where it is now explicit that the path lengths d through
the regions depend on 6.

The integral in Eq. (25) is analytic only in the case of
a one-region homogeneous sphere.'! In the spherical ray-
tracing code SENSPG, the integral is evaluated using the
QUADPACK adaptive numerical integration library.**
Equations (22) and (25) are given in the form specific
to Fig. 1 only for ease of presentation. The MultiZ library
was implemented for the full generality that SENSPG
handles, an arbitrary number of regions with any of
them radiating.

IV. TWO-REGION SPHERE NUMERICAL EXAMPLE

The two-region sphere shown in Fig. 1 is used as an
example to verify the accuracy of multidual sensitivities.
This problem is identical to the two-region sphere

NUCLEAR SCIENCE AND ENGINEERING - VOLUME 195 - SEPTEMBER 2021
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example in Ref. 11. The material and geometry of the
sphere are given in Table 1. The quantity of interest was
the total uncollided leakage L of the 646-keV gamma-ray
line from the decay of 23°Pu. The source emission rate,
microscopic cross section, and density of the isotopes in
each material are given in Table II (note that photon cross
sections depend on nuclide proton number, not isotope).
Using these parameters in Eq. (25), the leakage
is L = 7.316561897302186 x 10*/s.

The first derivatives of L with respect to nuclide
densities, microscopic total cross sections, source emis-
sion rates, and interface locations were computed using
the multidual method and compared to the adjoint-
based results presented in Ref. 11 (except that 16 digits
are used in this paper). All of the first derivatives
matched to within 1.959E-10%. The adjoint-based
first derivatives for these parameters have been avail-
able for decades, so the multidual approach does not
provide any benefit here. However, the comparison
must be made to verify the multidual differentiation
approach.

The second derivatives of L with respect to nuclide
densities, microscopic total cross sections, and source
emission rates, including mixed partial derivatives,
were computed using the multidual method and com-
pared to the adjoint-based results presented in Ref. 11

913

(except that 16 digits are used in this paper). All of
the second derivatives matched to within 9.796E—10%.
These second derivatives have only recently become
available”'® and may not yet be widespread, so there
is value in showing that the multidual approach can
compute them.

Multidual-based derivatives that are currently not
available with adjoint methods are compared to central
difference results using lower-order adjoint derivatives.
The central difference formulas used in this paper are
described as follows. A second derivative of a function
f(x), where x = [xl,... ,xm],canbe
approximated from the central difference of first deriva-
tives as

s Xiy ooy Xy ooy Xy o ns

it
oY (x)

ax,-axj -

_ o)
o
Xio+hiXjo T xio—hi 0

2h; ’

(26)

where subscript 0 denotes the initial value of the variable
and /; is the step size of variable x;. Similarly, third
derivatives can be approximated by the central difference
of second derivatives as

(%) P/ (x)
3 K ~ Ox:
0 f (x) ~ OO Xio+hi Xj0,Xk0 OO Xio—hi Xj0,Xk0

6x,»6xj6xk - 2]’!,

(27)

TABLE I
Two-Region Sphere Geometry and Material Composition
Macroscopic Cross
Outer Radius Mass Density Source Rate Density Section
Region r; (em) p (g/cm’) q (/em®/s) Z (fem)
1 3.794 19.6 6.21093352 x 10° 2.59960753
2 7.604 0.95 0. 0.08442073
TABLE 1T
Two-Region Sphere Nuclide Parameters
Concentration Cross Section Source Emission Rate Density N;
Region Isotope (Wt%) o; (b) i [v/(10** atoms)/s] (atom/b - cm)
1 29py 93.8039 52.726316 1.341 x 10° 4.6315686 x 1072
240py 5.94113 52.726316 0. 2.9211935 x 1073
“Ga 0.1516 8.1738625 0. 2.5946453 x 10~
"Ga 0.103465 8.1738625 0. 1.7218521 x 1074
2 C 85.6299 1.5523511 0. 4.0786121 x 1072
'H 14.3701 0.2587445 0. 8.1572189 x 1072

NUCLEAR SCIENCE AND ENGINEERING - VOLUME 195 - SEPTEMBER 2021
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When second derivatives are not available directly, second
derivative approximations from Eq. (26) are substituted into
Eq. (27) for a third-order derivative estimate.

Second derivatives of L with respect to material
interface locations and isotopic parameters were com-
puted using the multidual differentiation method; these
are shown in Tables III through VI for all nonzero
values. Multidual-based derivatives are compared to
central difference approximations using Eq. (26) with

BALCER et al. - MULTIDUAL SENSITIVITY IN TRANSPORT SIMULATIONS

first-order adjoint-based derivatives. The indices of the
derivatives in Tables III through VI match the indices in
Eq. (26). A step size of h; = 0.1% - r; was used for the
central difference approximations and all multidual step
sizes were one. The second-order multidual sensitivities
are in excellent agreement with central difference
approximations.

Third- and higher-order derivatives are currently not
available with the adjoint method. However, these

TABLE III
Second Derivatives of L with Respect to r; and #;
Surface o*L/drdr; (/s - cm?)
i j Multidual Central Difference Difference (%)
r r 1.737270423039880E+04 1.737270771332521E+04 2.005E-05
r —4.280893845549177E+03 —4.280895807775678E+03 —4.584E-05
r r 7.255130923984784E+02 7.255138269711493E+02 1.012E-04
TABLE IV
Second Derivatives of L with Respect to #; and g;
Surface Isotope o’L/ 0r;i0g; [( 10%* atoms)/cm - y]

i j Multidual Central Difference Difference (%)
r 239py 3.324652940606935E-01 3.324652940605137E-01 5.408E-11
r 239py —4.923412538429708E—-02 —4.92341253843092E-02 —2.469E-11

TABLE V
Second Derivatives of L with Respect to 7; and N;
Surface Isotope 0’L/dr:ON; (b/s - atom)

i j Multidual Central Difference Difference (%)

r 239py 5.899361595961223E+04 5.899362953484812E+04 2.301E-05

240py —9.036088974934673E+05 —9.036091041516350E+05 —2.287E-05

“Ga —1.400813757862801E+05 —1.400814078233294E+05 —2.287E-05

"Ga —1.400813757862801E+05 —1.400814078233294E+05 —2.287E-05

C —2.069732005259526E+05 —2.069730445681837E+05 —7.535E-05

'H —3.449810693552834E+04 —3.449808094062808E+04 —7.535E-05

r 239py —9.950162454585119E+03 —9.950164908246586E+03 —2.466E—05

240py 1.325997327953430E+05 1.325997618014447E+05 2.187E-05

“Ga 2.055618647668205E+04 2.055619097333254E+04 2.187E-05

"'Ga 2.055618647668205E+04 2.055619097333254E+04 2.187E-05

C —7.461936134018205E+04 —7.461940268648959E+04 —5.541E-05

'H —1.243748804402165E+04 —1.243749493558709E+04 —5.541E-05
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TABLE VI
Second Derivatives of L with Respect to 7; and o;
Surface Isotope o’L/ 0r;0c; (/s - cm - b)

i j Multidual Central Difference Difference (%)

| 29py —7.937453106117697E+02 —7.937454921437886E+02 —2.287E-05

240py ~5.006260007963084E+01 ~5.006261152910263E+01 ~2.287E-05

“Ga —4.446630713693612E+00 —4.446631730651898E+00 —2.287E-05

Ga —2.950862016653879E+00 —2.950862691525268E+00 —2.287E-05

C —5.437966929909634E+03 —5.437962832310413E+03 —7.535E-05

'H —1.087592678667889E+04 —1.087591859148628E+04 —7.535E-05

r 29py 1.164778438842654E+02 1.164778693637194E+02 2.187E-05

240py 7.346416587987573E+00 7.346418195010957E+00 2.187E-05

“Ga 6.525190777900678E—-01 6.525192205281520E-01 2.187E-05

1Ga 4.330230877646499E-01 4.330231824881509E—01 2.187E-05

C —1.960532176473768E+03 —1.960533262797245E+03 —5.541E-05

'H —3.921061802891702E+03 —3.921063975537121E+03 —5.541E-05

derivatives can be easily obtained with the multidual
sensitivity method using Eq. (14). All nonzero third-
order partial derivatives of the leakage for the two-
region sphere are compared to central differences
using lower-order adjoint derivatives; these are shown
in Appendix B. High-order derivatives are difficult to
obtain with finite differences. Nevertheless, the agree-
ment is excellent.

V. DISCUSSION AND CONCLUSIONS

Multidual algebra was successfully implemented in
a ray-tracing transport code to calculate accurate high-order
sensitivities of the uncollided particle leakage which have yet
to be obtained numerically by adjoint-based differentiation.
New high-order derivatives can lead to better approximations
for uncertainty analyses, perturbation methods, optimization,
inverse problems, surrogate models, and many other applica-
tions. Second- and third-order adjoint-based sensitivity meth-
ods are only now being developed for transport theory.” 2
For the many cases in which adjoint-based derivatives are not
available, this paper has shown that the multidual approach
can be used.

The complex- and dual-step differentiation methods
have been implemented in many areas, including nuclear
engineering, for first-order derivative calculations.”®
Multidual differentiation is a major extension of com-
plex- and dual-step differentiation because it allows one
to compute arbitrary-order sensitivities with machine pre-
cision. However, this method requires multidual variables
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with multiple imaginary axes and a requisite numerical
library to support multidual algebraic operations.

This work applied the multidual differentiation method
to a relatively simple ray-tracing code. However, the meth-
odology is general and should be equally applicable to other
nuclear applications. The numerical accuracy along with
minimal modifications to existing codes make this method
attractive for practical applications. The multidual transfor-
mation of many types of code is possible. For example,
multidual differentiation was implemented in the
QUADPACK adaptive numerical integration library in this
work, so that the integrand and limits of integration can
accept multidual numbers.

The highest-order multidual-based derivative that can
be calculated in a single transport calculation is determined
by the number of nonreal steps. Additionally, all combina-
tions of lower-order derivatives are obtained in the same
transport calculation. In this work, a third-order derivative
was calculated from a single transport simulation by apply-
ing steps in three nonreal directions. The simulation was
repeated for all combinations of third-order derivatives.
Lower-order derivatives were calculated as byproducts. In
contrast, all adjoint-based first derivatives are obtained with
a total of two transport calculations, and all adjoint-based
second derivatives are obtained with an additional number
of calculations approximately equal to twice the number of
parameters. The details of a particular problem will deter-
mine which is more efficient, but efficiency is not the only
measure of goodness. There is no adjoint-based second or
third derivative with respect to material interface locations,
for example.

@ANS



916  BALCER et al. - MULTIDUAL SENSITIVITY IN TRANSPORT SIMULATIONS

A multidual implementation in a production deter-
ministic transport code, such as the time-dependent,
parallel neutral particle transport code system
PARTISN (Ref. 25), is the next natural step.
Additional work includes the implementation of the
multidual sensitivity method in a Monte Carlo transport
code. It took the authors one month to fully implement
the multidual differentiation method in the simple ray-
tracing transport code SENSPG, so the effort to imple-
ment the method in a production-level code may be
possible. Also, multidual implementation in a code
with high complexity leads to greater computational
time due to the additional algebraic operations needed
for multidual numbers. Despite these limitations, the
multidual sensitivity method can still be beneficial by
providing higher-order derivatives with machine
accuracy.

APPENDIX A

MULTIDUAL DIFFERENTIATION CODE
IMPLEMENTATION EXAMPLE

This appendix shows an example of converting
a real-valued code to multidual and calculating multidual-
based derivatives, as outlined in Sec. II.C. A simple
Fortran 77 program to calculate the function

f(x) =e%sin(xixz) (A.1)

with input values x = [x1,x;] = [2, 3] is shown as

1 program main
2 implicit none
declare variables

3 !

4 real*8 x(2) ! input: real vector

real*8 f ! output: real number

6 ! assign input

7 x (1)

2.0d0
8 x(2) = 3.0d0
9 ! calculate output

10 f = exp(x(2))*sin(x(1)*x(2))

11 end program

@ANS

The result of the function evaluation from this real-valued
code is f(x) = —5.612210305985402.

First through third partial derivatives are calculated using
Eq. (14) with a multidual step with 26 — 1 nonreal parts as

of (x
%1) = erpart] f(x + (€1 + €2 + €3)ey
+(eqs+ €5+ eg)er + - - - + Oerex€3€4€566)]
(A.2)
of (x
&: espart [ f(x+ (61 + €2 + €3)e
6x2
+(eqs+ €5+ eg)er + - - - + Oerex€3€4€566)]
(A.3)
aZ
gx(zx) = €€ part [f(x+ (61 + € + 63)81
1
+(€4 + €5 + 66)6’2 +---+ 0616263646566)] ,
(A.4)
az
%éxxz =ergpart [ f(x+ (1 + e+ €)e
+(es+ €5+ €)er + - - + Oerexe3€q€s66)]
(A.5)
O*f (x
(52 ) =eespart [ f(x+ (61 + & + €3)e;
X2
+(es+ €5+ eg)er + -+ Oerex€e3€4€566)]
(A.6)
O f(x
gxg = ereepart [ f(x+ (€1 + € + 6)e
1
+(es + €5+ €g)ex + - - + Oererezeqeses)|
(A.7)
O’ f(x
3 j:( ) _ ereepart] f(x + (e; + €2 + €3)e
x70x2
+(€4 + €5+ €5)er + - - - + Oerer€3€4€566)]
(A.8)
O*f(x
f( 2 = €] €465 part[f(x + (61 + € + 63)81
0x0x3
+(es + €5+ €g)ex + - -+ + Ocrerezeqeses)]
(A.9)
and
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O f(x
ox3

= egeseq part[ f(x + (€1 + €2 + €3)e;

+(es + €5+ €s)ex + - -+ Oererezeqeses)|
(A.10)

where e; = [1,0] and e; = [0, 1].

Steps to convert the previous real-valued code are as
follows using the hypercomplex algebra library MultiZ.**
Include the MultiZ library with use multiz. The MultiZ
commands used in this multidual code are described in Table
AL Convert the real-valued input vector x to a multidual vector
with type (mduvec). Convert the real-valued output f to
amultidual number with type (mdual) . Include real-valued
variables for the derivative values, denoted here as d1, d2,
..., d222. Define n for the number of nonreal parts in the

multidual step, which is 2" — 1. For the derivative formulation
in Egs. (A.1) through (A.10), n = 6. Allocate the input vector
with the MultiZ command ma11locate, using n. Assign real
and nonreal values to the input vector with the MultiZ interface
mset. The nonreal components of multidual numbers,
€1,€,... are represented by eps (1), eps(2),
Evaluate the function using the MultiZ interface mget to
retrieve specific multidual numbers from the input vector.
Finally, calculate sensitivities by extracting the appropriate
nonreal parts from the output, with the command aimag. The
implementation of the multidual differentiation method in the
previous real-valued code is shown on the following page.
The real part of the output is within —1.583E—14% of the
original function evaluation, which is accurate to machine pre-
cision. Multidual derivative values are shown in Table A.Il and
compared to analytical derivatives derived using Matlab’s sym-
bolic toolbox.*® All multidual values have machine accuracy.

TABLE A.l

MultiZ Library Functions

Function(Argument)

Description

type(mduvec)

type(mdual)

mallocate(array, order, dimension)
mset(array, column, value)

mget(array, column)

eps(direction)

aimag(number, [direction 1, direction 2, ...])

Multidual vector type

Multidual number type

Allocate space for multidual arrays

Assign value to position of multidual array
Extract value of array

Unit nonreal part, €}, €, etc.

Extract €;¢,... part from multidual number

TABLE A.Il
Multidual Partial Derivative Values for f(x) = €% sin(x;x;)

Derivative Multidual Analytical Difference (%)
of (x) /ox 5.785660723519084E+01 5.785660723519084E+01 —1.583E-14
of (x)/ox, 3.295886118414182E+01 3.295886118414182E+01 3.899E-14
azf(x)/@x% 5.050989275386863E+01 5.050989275386863E+01 4.382E-14
0% (x) /ox10x2 1.108154048161669E+02 1.108154048161669E+02 1.508E—13
0%f (x)/ox3 9.397877389821066E+01 9.397877389821066E+01 —4.387E-14
a3f(x)/ax? —5.207094651167175E+02 —5.207094651167176E+02 3.754E-14
0% (x) /020, —2.629564888213640E+02 | —2.629564888213640E+02 ~1.523E-13
O*f (x)/dx;0x3 —4.520338531967883E+01 —4.520338531967884E+01 1.709E-13
63f(x)/6x§ 2.316324187571217E+01 2.316324187571219E+01 1.534E—-14
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program main
use multiz ! use MultiZ library
implicit mnone

! declare variables

type (mduvec) x ! input: multidual vector
type (mdual) f£ ! output: multidual number
integer n ! size of multidual numbers for allocation

real*8 d1, d2, d11, di2, 422, di111, di112, di122, d222 ! derivatives

n =2=6 ! for 6 non-real steps

! allocate multidual vector based on n and number of multidual elements
call mallocate(x, n, 2)

! assign input with non-real steps

call mset(x, 1, 2.0d40 + eps(1l) + eps(2) + eps(3))

call mset(x, 2, 3.0d0 + eps(4) + eps(5) + eps(6))

! calculate output

f = exp(mget(x,2))*sin(mget(x,1)*mget(x,2))

! extract sensitivities

di = aimag(f,1) ' Of (x) /O
d2 = aimag(f,4) | Of (x) /02
di1 = aimag(f,[1,2]) L 92 f (x) /Ox?
di2 = aimag(f,[1,4]) ! 92f (x) /Ox10x2
d22 = aimag(f,[4,5]) V9% f (x) /Ox3

d111 = aimag(f,[1,2,3]) ! 9°f(x)/0z}
d112 = aimag(f,[1,2,4]) ! 9°f(x)/0z70xs

d122 = aimag(f,[1,4,5]) ! 9°f(x)/0z10x3

d222 = aimag(f,[4,5,6]1) ! 9°f(x)/0z3

end program

APPENDIX B
respect to material interface locations 7;, source emis-
THIRD-ORDER MULTIDUAL-BASED DERIVATIVES sion rates ¢g;, isotope densities »;, and microscopic
OF THE UNCOLLIDED LEAKAGE cross sections o; for the two-region sphere described
Tables B.I through B.XVI show nonzero third-or-  in Sec. IV. All mixed derivatives involving the source

der partial derivatives of the uncollided leakage with  emission rate of a nuclide other than 23°Pu and all
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TABLE B.I

Third Derivatives of L with Respect to r;, r;, and 7

919

Surface O’L/0rdrdry (fem® - s)
i i k Multidual Central Difference Difference (%)
2 | 21 4.251751234103791E+03 4.251752215506946E+03 2.308E—05
7 —1.992315139941725E+03 —1.992318260969077E+03 —1.567E-04
) 7 | 5.788609115441809E+02 5.788627857913631E+02 3.238E-04
7 —1.511995478546646E+02 —1.511998538513937E+02 —2.024E-04
TABLE B.II
Third Derivatives of L with Respect to 7;, ; and g;
Surface Isotope O’L/dr;0r;0q, [(10** atoms)/cm? - ]
i j k Multidual Central Difference Difference (%)
2 | 239py 1.295503671170679E—-01 1.295504190585887 4.009E-05
2 " 239py —3.192314575353601E-02 —3.192317297671331 —8.528E-05
) " 239py 5.410239316916306E-03 5.410250271709713 2.025E-04
TABLE BL.III
Third Derivatives of L with Respect to 7;, r;, and Ny
Surface Isotope o’L /0r:0r;ON; (b/atom - cm - s)
i j k Multidual Central Difference Difference (%)
r | 239py 2.299329175365145E+04 2.299330830379652E+04 7.198E—05
240py —3.521000224462152E+05 —3.521002723659466E+05 —7.098E-05
“Ga —5.458407469809417E+04 —5.458411344168442E+04 —7.098E-05
"Ga —5.458407469809417E+04 —5.458411344168442E+04 —7.098E-05
C 1.781351136108845E+04 1.781374796668 144E+04 1.328E—-03
Iy 2.969140054221760E+03 2.969179491259725E+03 1.328E—03
r " 2¥%py —5.778472385972107E+03 —5.778477781742709E+03 —9.338E-05
240py 8.665012358673374E+04 8.665019701358714E+04 8.474E—05
“Ga 1.343287849173557E+04 1.343288987413044E+04 8.474E—05
'Ga 1.343287849173557E+04 1.343288987413044E+04 8.474E—05
C —5.789493720415803E+04 —5.789502675147173E+04 —1.547E-04
'H —9.649876069072539E+03 —9.649890994776022E+03 —1.547E-04
7 ) 239py 1.131198893309447E+03 1.131200888904411E+03 8.821E—05
240py —1.453332326248464E+04 —1.453334471574758E+04 —7.381E-05
“Ga —2.253018892358022E+03 —2.253022218237153E+03 —7.381E-05
Ga —2.253018892358022E+03 —2.253022218237153E+03 —7.381E-05
C 1.907804614095699E+04 1.907806928004714E+04 6.064E—05
'H 3.179911574151605E+03 3.179915430961244E+03 6.064E—05
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TABLE B.IV
Third Derivatives of L with Respect to r;, r;, and oy
Surface Isotope 0’ L/dr:0r;00, (/b - cm? - 5)
i j k Multidual Central Difference Difference (%)
2] r 239py —3.092906039971821E+02 —3.092908235353594E+02 —7.098E-05
240py -1.950738052784761E+01 —1.950739437409566E+01 —7.098E-05
“Ga —1.732673038572939E+00 —1.732674268426952E+00 —7.098E-05
"1Ga —1.149832173168731E+00 —1.149832989317951E+00 —7.098E-05
C 4.680281574668018E+02 4.680343740163965E+02 1.328E-03
'H 9.360557061713768E+02 9.360681391395144E+02 1.328E-03
2] %) 29py 7.611493141743628E+01 7.611499591383802E+01 8.474E—05
240py 4.800672609583966E+00 4.800676677399548E+00 8.473E-05
“Ga 4.264025088231311E-01 4.264028701433664E-01 8.474E—05
'Ga 2.829681725575379E-01 2.829684123344232E-01 8.474E—05
C —1.521118449757602E+03 —1.521120802508967E+03 —1.547E-04
'H —3.042234921002928E+03 —3.042239626483106E+03 —1.547E-04
7 7 29py —1.276631651060692E+01 —1.276633535563556E+01 —7.381E-05
240py —8.051890063676819E—01 —8.051901949441699E-01 —7.381E-05
“Ga —7.151802264261059E—-02 —7.151812821604923E-02 —7.381E-05
1Ga —4.746061234011698E—-02 —4.746068239885472E—-02 —7.381E-05
C 5.012522574815453E+02 5.012528654293667E+02 6.064E—05
'H 1.002503862986418E+03 1.002505078912413E+03 6.064E—05
TABLE B.V
Third Derivatives of L with Respect to r;, g;, and Ny
Surface Isotope 0’ L /0r;0q;0N; [(10** atoms) - b/atom - y]
i i k Multidual Central Difference Difference (%)
" 2Py 239py 4.399225649486382E-01 4.399226661807353E-01 2.301E-05
240py —6.738321383247331E+00 —6.738322924322449E+00 —2.287E-05
“Ga —1.044603846280985E+00 —1.044604085185120E+00 —2.287E-05
1Ga —1.044603846280985E+00 —1.044604085185120E+00 —2.287E-05
C —1.543424314138348E+00 —1.543423151142312E+00 —7.535E-05
'H —2.572565767004350E-01 —2.572563828532934E-01 —7.535E-05
7 29py 239py —7.419957087684670E—02 —7.419958917390788E—02 —2.466E—-05
240py 9.888123250957723E-01 9.888125413979227E-01 2.187E-05
“Ga 1.532899811833114E—01 1.532900147154001E-01 2.187E-05
"1Ga 1.532899811833114E-01 1.532900147154001E-01 2.187E-05
C —5.564456475777930E-01 —5.564459559021367E-01 —5.541E-05
'H —9.274786013438953E—-02 —9.274791152561804E-02 —5.541E-05

derivatives higher than the first of any source emis-
sion rate are zero. Third-order multidual-based deri-
vatives are compared to central differences using
lower-order adjoint-based derivatives with Eq. (27).
When second-order adjoint-based derivatives were
not directly available, Eq. (26) was used to estimate
the second-order derivative values in Eq. (27).

@ANS

Available adjoint-based sensitivities are given in Sec.
IV. All indices of the variables in Tables B.I through
B.XVI match the indices in Eq. (27). All central
difference step sizes were 0.1% of the variable being
perturbed, and all multidual step sizes were one. The
multidual sensitivities are in excellent agreement with
all central difference estimates.
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Surface Isotope 0’L/0r:0g;00; (10°* atoms/b - cm - y)
i j k Multidual Central Difference Difference (%)
" 29py 29py —5.919055261832739E-03 —5.919056615538993E—03 —2.287E-05
240py —3.733228939569786E—04 —3.733229793370753E—04 —2.287E—-05
“Ga —3.315906572478455E—05 —3.315907330836530E—05 —2.287E-05
Ga —2.200493673865683E—05 —2.200494177125409E—05 —2.287E-05
C —4.055158038709645E—02 —4.055154983080128E—02 —7.535E-05
'H —8.110310802892537E—02 —8.110304691637418E—02 —7.535E-05
r2 B9py 29py 8.685894398528359E—04 8.685896298563610E—04 2.187E-05
240py 5.478312146150311E-05 5.478313344528593E-05 2.187E-05
“Ga 4.865914077480003E—06 4.865915141896451E-06 2.187E-05
Ga 3.229105799885528E—06 3.229106506250423E—06 2.187E—05
C —1.461992674477083E—02 -1.461993484561571E-02 —5.541E-05
'H —2.923983447346534E—02 —2.923985067514340E—02 —5.541E-05
TABLE B.VII
Third Derivatives of L with Respect to 7;, N;, and Ny
Surface Isotope O’L/3r0N;ON;. (b% - cm/atom? - 5)
i Jj k Multidual Central Difference Difference (%)
r 239py 29py —2.405077226812034E+06 | —2.405077782247960E+06 —2.309E-05
240py 1.710470384159732E+07 1.710470774810237E+07 2.284E-05
®Ga 2.651645477589113E+06 2.651646083192979E+06 2.284E—05
Ga 2.651645477589113E+06 2.651646083192979E+06 2.284E-05
C —2.649403270396002E+05 | —2.649401193364382E+05 —7.840E-05
'H —4.416001545378775E+04 | —4.415998083397424E+04 —7.840E-05
240py 240py 3.661448491000680E+07 3.661449327845859E+07 2.286E—05
®Ga 5.676136472457481E+06 5.676137769771774E+06 2.286E—05
"Ga 5.676136472457474E+06 5.676137769771774E+06 2.286E-05
C 4.203809195558528E+06 4.203806035983306E+06 7.516E—05
'H 7.006871362882113E+05 7.006866096531330E+05 7.516E-05
9Ga 9Ga 8.799393281962108E+05 8.799395293114757E+05 2.286E-05
'Ga 8.799393281962108E+05 8.799395293114757E+05 2.286E—05
C 6.516927592129117E+05 6.516922694018099E+05 7.516E-05
'H 1.086235630473206E+05 1.086234814060598E+05 7.516E-05
'Ga Ga 8.799393281962108E+05 8.799395293114757E+05 2.286E-05
C 6.516927592129117E+05 6.516922694018099E+05 7.516E-05
'H 1.086235630473206E+05 1.086234814060598E+05 7.516E-05
C C 7.540515837099529E+05 7.540504338395152E+05 1.525E-04
'H 1.256846398646119E+05 1.256844482052651E+05 1.525E-04
H 'H 2.094900274617472E+04 2.094897080056757E+04 1.525E—04
" 239py 29py 4.276679332394132E+05 4.276680419030944E+05 2.541E-05
240py —2.435287227718840E+06 | —2.435287745324586E+06 —-2.125E-05
“Ga —3.775288028259811E+05 | —3.775288830675392E+05 —-2.125E-05
Ga —3.775288028259811E+05 | —3.775288830675392E+05 —-2.125E-05
C —1.094541658148352E+05 | —1.094542320224671E+05 —6.049E-05
(Continued)
NUCLEAR SCIENCE AND ENGINEERING - VOLUME 195 - SEPTEMBER 2021 @ANS



922  BALCER et al. - MULTIDUAL SENSITIVITY IN TRANSPORT SIMULATIONS

TABLE B.VII (Continued)

Surface Isotope O°L/0rON;ON; (b% - cm/atom? - 5)
i i k Multidual Central Difference Difference (%)
'H —1.824372192739881E+04 | —1.824373296282079E+04 —6.049E—05
240py 240py —5.298242388677118E+06 | —5.298243532553001E+06 —2.159E-05
9Ga —8.213565460829767E+05 | —8.213567234116945E+05 -2.159E-05
Ga —8.213565460829758E+05 | —8.213567234116945E+05 -2.159E-05
C 1.501649274235141E+06 1.501650100734221E+06 5.504E—05
'H 2.502935506170844E+05 2.502936883771510E+05 5.504E—05
“Ga 9Ga —1.273302590374299E+05 | —1.273302865277079E+05 —2.159E-05
"Ga —1.273302590374306E+05 | —1.273302865277079E+05 —2.159E-05
C 2.327921923598021E+05 2.327923204872821E+05 5.504E—-05
'H 3.880159327573198E+04 3.880161463189551E+04 5.504E-05
Ga Ga —1.273302590374299E+05 | —1.273302865277079E+05 -2.159E-05
C 2.32792192359802 1 E+05 2.327923204872821E+05 5.504E—05
'H 3.880159327573198E+04 3.880161463189551E+04 5.504E—05
C C 1.383480814866549E+06 1.383480215788865E+06 4.330E-05
'H 2.305973380767888E+05 2.305972382230618E+05 4.330E-05
'H H 3.843575693764147E+04 3.843574029411131E+04 4.330E-05
TABLE B.VIII
Third Derivatives of L with Respect 7;, N}, and o
Surface Isotope o°L/ 0r;0N;0c; (/atom - s)
i i k Multidual Central Difference Difference (%)
" 239py 239py —2.112660439418824E+03 —2.112660927329259E+03 -2.309E-05
240py 9.476510803266009E+02 9.476512967584690E+02 2.284E-05
®Ga 8.417170488433543E+01 8.417172410811681E+01 2.284E—05
Ga 5.585781748308673E+01 5.585783024031718E+01 2.284E-05
C —6.960982065212679E+03 —6.960976608099394E+03 ~7.840E—05
'H ~1.392195507630569E+04 ~1.392194416213061E+04 ~7.840E-05
240py 239py, 3.216278168397899E+04 3.216278903496936E+04 2.286E-05
240py —1.510917052367745E+04 —1.510917397949045E+04 —2.287E-05
®Ga 1.801787184904126E+02 1.801787596712963E+02 2.286E-05
"Ga 1.195697531088852E+02 1.195697804372360E+02 2.286E-05
C 1.104499293966844E+05 1.104498463827122E+05 7.516E-05
'H 2.208997151316169E+05 2.208995491037624E+05 7.516E-05
9Ga 239py 4.986014104003578E+03 4.986015243586005E+03 2.286E-05
240py 3.144747146761016E+02 3.144747865511128E+02 2.286E—05
9Ga ~1.710978897421775E+04 ~1.710979288728414E+04 -2.287E-05
Ga 1.853622243470614E+01 1.853622667126557E+01 2.286E-05
C 1.712242775420094E+04 1.712241488501462E+04 7.516E-05
'H 3.424483323733318E+04 3.424480749897502E+04 7.516E-05
Ga 239py 4.986014104003578E+03 4.986015243586005E+03 2.286E-05
240py 3.144747146761016E+02 3.144747865511128E+02 2.286E—05
9Ga 2.793208748116422E+01 2.793209386520320E+01 2.286E-05
Ga —1.711918483926420E+04 —1.711918875447780E+04 —2.287E-05
(Continued)
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TABLE B.VIII (Continued)

Surface Isotope 0°L/0r,0N;0cy, (/atom - s)
i j k Multidual Central Difference Difference (%)
C 1.712242775420094E+04 1.712241488501462E+04 7.516E-05
'H 3.424483323733318E+04 3.424480749897502E+04 7.516E-05
C 29py 3.692696967611851E+03 3.692694192187203E+03 7.516E-05
240py 2.329034377064027E+02 2.329032626565962E+02 7.516E—05
“Ga 2.068681166744851E+01 2.068679611927638E+01 7.516E—05
'Ga 1.372813051624873E+01 1.372812019821084E+01 7.516E-05
C —-1.135170772560420E+05 -1.135170070019562E+05 —-6.189E—05
'H 3.962353481981540E+04 3.962347439698634E+04 1.525E-04
'H 29py 6.154954097702189E+02 6.154949471649068E+02 7.516E—05
240py 3.882013555006197E+01 3.882010637291675E+01 7.516E—05
9Ga 3.448059165366621E+00 3.448056573811286E+00 7.516E—05
Ga 2.288192448930383E+00 2.288190729129234E+00 7.516E-05
C 3.302209723019966E+03 3.302204687404855E+03 1.525E-04
'H —1.267244423996289E+05 —1.267243520053234E+05 —7.133E-05
" B9py 29py 3.756707326028520E+02 3.756708280522187E+02 2.541E-05
240py —1.349221005885489E+02 —1.349221292654508E+02 —2.125E-05
®Ga -1.198397117766172E+01 —1.198397372479148E+01 —-2.125E-05
Ga —7.952773152026001E+00 —7.952774842338610E+00 —-2.125E-05
C —2.875773928843979E+03 —2.875775668369204E+03 —6.049E—05
'H —5.751544117181082E+03 —5.751547596214911E+03 —6.049E—05
240py 239py —4.65406556106578 1 E+03 —4.654066565868075E+03 —2.159E-05
240py 2.221329879819625E+03 2.221330366571009E+03 2.191E-05
Ga —2.607248268519335E+01 —2.607248831417609E+01 —2.159E-05
Ga —1.730215612433793E+01 —1.730215985982624E+01 —2.159E-05
C 3.945399246309453E+04 3.945401417833659E+04 5.504E-05
'H 7.890793360854947E+04 7.890797703901881E+04 5.504E—05
“Ga 29py —7.214934565187295E+02 —7.214936122876146E+02 —2.159E-05
240py —4.550557702939847E+01 —4.550558685392662E+01 —-2.159E-05
“Ga 2.510826277332108E+03 2.510826826585147E+03 2.188E—05
Ga —2.682255388021778E+00 —2.682255967113402E+00 —2.159E-05
C 6.116329265706205E+03 6.116332632097205E+03 5.504E—05
'H 1.223265057592904E+04 1.22326573087098 1 E+04 5.504E—05
"Ga 29py —7.214934565187295E+02 —7.214936122876146E+02 —-2.159E-05
240py —4.550557702939847E+01 —4.550558685392662E+01 —2.159E-05
9Ga —4.041869502211551E+00 —4.041870374840511E+00 —2.159E-05
'Ga 2.512185891446298E+03 2.512186440992889E+03 2.188E—05
C 6.116329265706205E+03 6.116332632097205E+03 5.504E—05
'H 1.223265057592904E+04 1.22326573087098 1 E+04 5.504E—05
C 239py 1.319074073876443E+03 1.319074799886742E+03 5.504E—05
240py 8.319580217108823E+01 8.319584796156407E+01 5.504E—05
9Ga 7.389568432240856E+00 7.389572499415835E+00 5.504E—05
Ga 4.903847027146357E+00 4.903849726194565E+00 5.504E—05
C —1.171934952477799E+04 —1.171939189944461E+04 —3.616E—04
'H 7.269847504424478E+04 7.269844356420336E+04 4.330E-05
'H 29py 2.198620804086495E+02 2.198622014193878E+02 5.504E—05
240py 1.386700148904244E+01 1.386700912135836E-+01 5.504E—05
®Ga 1.231686620949188E+00 1.231687298862262E+00 5.504E—05
Ga 8.173688125229283E—-01 8.173692623978777E-01 5.504E—05
C 6.058662162058663E+03 6.058659538524116E+03 4.330E-05
'H —3.595129424292349E+04 —3.595132612462629E+04 —8.868E—05
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TABLE B.IX
Third Derivatives of L with Respect to r;, o;, and oy
Surface Isotope 0’L/dr:d6;00; (/6% - cm - 5)

i j k Multidual Central Difference Difference (%)
" 239py 239py 2.825233041496587E+01 2.825233687220014E+01 2.286E-05
240py 1.781913039324802E+00 1.781913446591256E+00 2.286E—05
“Ga 1.582720281645272E-01 1.582720643385066E—01 2.286E—05
'Ga 1.050320897508326E-01 1.050321137565182E—01 2.286E—05
C 9.702108263786015E+01 9.702100971699156E+01 7.516E-05
'H 1.940420390808121E+02 1.940418932391511E+02 7.516E-05
240py 240py 1.123876874253803E—01 1.123877131122354E-01 2.286E—05
9Ga 9.982432833128597E—-03 9.982435114670719E—03 2.286E—05
'Ga 6.624517253111261E-03 6.624518767182508E—03 2.286E—05
C 6.119252100712798E+00 6.119247501493735E+00 7.516E-05
'H 1.223849624214051E+01 1.223848704370789E+01 7.516E—05
MGa Ga 8.866537567479147E—04 8.866539593977185E—04 2.286E-05
Ga 5.883989611850573E—04 5.883990956670131E-04 2.286E—05
C 5.435205980628787E-01 5.435201895537757E-01 7.516E-05
'H 1.087040489170835E+00 1.087039672153113E+00 7.516E-05
1Ga 1Ga 3.904718554326126E—04 3.904719446771915E-04 2.286E-05
C 3.606897876978187E-01 3.606895166040242E-01 7.516E-05
'H 7.213791062479700E-01 7.213785640606895E-01 7.516E-05
C C 5.205302222225723E+02 5.205294284541171E+02 1.525E-04
'H 1.041059767393706E+03 1.041058179857988E+03 1.525E-04
'H 'H 2.082118180685416E+03 2.082115005615964E+03 1.525E-04
" 239py 239py —4.088209760464879E+00 —4.088210643100506E+00 —2.159E-05
240py —2.578489693653151E—01 —2.578490250341868E—01 —2.159E-05
“Ga —2.290250895579349E—02 —2.290251390038664E—02 —-2.159E-05
"Ga -1.519850604090056E—02 -1.519850932221535E—02 —-2.159E—-05
C 3.465705305620877E+01 3.465707213124453E+01 5.504E—05
'H 6.931406103413656E+01 6.931409918419270E+01 5.504E-05
240py 240py —1.626288642175609E—02 —1.626288993286968E—02 —-2.159E-05
“Ga —1.444492498217540E—03 —1.444492810079643E—03 -2.159E-05
"Ga —-9.585905196051120E—04 -9.585907265623055E—04 —-2.159E-05
C 2.185867637761891E+00 2.185868840850406E+00 5.504E-05
'H 4.371732432375074E+00 4.371734838551284E+00 5.504E-05
“Ga “Ga —1.283018600323861E—04 —1.283018877324248E—04 —2.159E-05
"Ga -8.514336130268046E—05 —8.514337968490349E—05 -2.159E-05
C 1.941518450635893E—01 1.941519519236050E—01 5.504E-05
'H 3.883034375947023E-01 3.883036513146602E-01 5.504E-05
Ga "Ga —5.650262569918219E—05 —5.650263789794492E—05 —-2.159E-05
C 1.288425646179915E-01 1.288426355321758E-01 5.504E-05
'H 2.576849616510092E-01 2.576851034793252E-01 5.504E-05
C C 9.550322438950732E+02 9.550318303450093E+02 4.330E—05
'H 1.910063245583783E+03 1.910062418484297E+03 4.330E—05
'H 'H 3.820124006756455E+03 3.820122352558588E+03 4.330E-05
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TABLE B.X

Third Derivatives of L with Respect to g;, N;, and N

Isotope 0°L/3q;0N;ON [(10%* atoms) - b - cm?/atom? - ]
i j k Multidual Central Difference Difference (%)
29py 29py 29py —3.492366709188465E+01 —3.492366709197072E+01 —2.464E-10
240py 2.018281335582254E+02 2.018281335582002E+02 1.249E-11
“Ga 3.128827383134277E+01 3.128827383133877E+01 1.279E-11
Ga 3.128827383134270E+01 3.128827383132661E+01 5.143E-11
C —5.978929529880229E+00 —5.978929529836059E+00 —7.388E-10
'H —9.965625972717803E-01 —-9.965625972621418E—01 —9.672E-10
240py 240py 4.385799342083405E+02 4.385799342083296E+02 2.488E-12
“Ga 6.799056621352570E+01 6.799056621351731E+01 1.233E-11
Ga 6.799056621352564E+01 6.799056621351731E+01 1.225E-11
C 7.707204346879145E+01 7.707204346873539E+01 7.274E-11
'H 1.284629889554514E+01 1.284629889554935E+01 3.277E-11
“Ga “Ga 1.054019286673501E+01 1.054019286673419E+01 7.786E—12
1Ga 1.054019286673493E+01 1.054019286673419E+01 7.028E—12
C 1.194804291293285E+01 1.194804291293392E+01 8.950E—12
'H 1.991489048017869E-+00 1.991489048018332E+00 2.325E-11
1Ga Ga 1.054019286673501E+01 1.054019286673149E+01 3.340E—11
C 1.194804291293290E+01 1.194804291293392E+01 8.534E—12
'H 1.991489048017869E+00 1.991489048018332E+00 2.325E-11
C C 2.757030935587084E+01 2.757030935585430E-+01 6.000E—11
'H 4.595394369838559E+00 4.595394369835828E+00 5.941E-11
'H 'H 7.659562009900740E—01 7.659562009895743E-01 6.524E-11
TABLE B.XI
Third Derivatives of L with Respect to g;, N}, and oy
Isotope 0°L/3q;0N;0c;, [(10%* atoms) - cm/atom - y]
i j k Multidual Central Difference Difference (%)
239py 239py 29py —3.067753876754492E—02 —3.067753876760657E—02 —2.010E-10
240py 1.118187432989147E—02 1.118187432988489E—02 5.884E—11
®Ga 9.931898413759782E-04 9.931898413755920E—04 3.888E-11
"Ga 6.590981727395154E-04 6.590981727391025E—04 6.264E—11
C —1.570890384703374E—01 —1.570890384689679E—01 —8.718E-10
'H —3.141778726156328E—01 —3.141778726116834E-01 —1.257E-09
240py 29py 3.852560184743039E—01 3.852560184743800E—01 1.975E-11
240py —1.836681557209859E—01 -1.836681557210812E—01 —5.188E-11
9Ga 2.158237940407871E-03 2.158237940407621E-03 1.157E-11
1Ga 1.432244495059661E—03 1.432244495059357E-03 2.123E-11
C 2.024973390460598E-+00 2.024973390461067E-+00 2.316E-11
'H 4.049944147046950E+00 4.049944147048918E+00 4.860E-11
“Ga 29py 5.972406120338720E-02 5.972406120339742E-02 1.711E-11
240py 3.766878054186054E—03 3.766878054185416E-03 1.694E-11
“Ga —2.076321992018803E—-01 —-2.076321992019677E—01 —4.209E-11
1Ga 2.220327620575847E-04 2.220327620575310E—-04 2.418E-11
C 3.139201697251767E-01 3.139201697252462E-01 2.214E-11
(Continued)
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TABLE B.XI (Continued)

Isotope 3’L/9q;0N;00; [(10%* atoms) - cm/atom - y]
i j k Multidual Central Difference Difference (%)

H 6.278399311357282E—01 6.278399311360133E—01 4.541E-11

1Ga 239py 5.972406120338720E—-02 5.972406120339742E-02 1.711E-11
240py 3.766878054186054E—03 3.766878054185416E—03 1.694E—-11
“Ga 3.345794190441425E-04 3.345794190441288E—-04 4.083E-12

"Ga —2.077447458588668E—01 —2.077447458589609E-01 —4.531E-11

C 3.139201697251767E-01 3.139201697252462E-01 2.214E-11

H 6.278399311357282E—01 6.278399311360133E-01 4.541E-11

C 29py 6.770138414115646E—02 6.770138414117033E-02 2.048E—-11
240py 4.270018699680769E—03 4.270018699682470E—03 3.985E—-11

“Ga 3.792690804681544E—04 3.792690804682470E—04 2.441E-11

1Ga 2.516896040406913E-04 2.516896040407694E—-04 3.104E-11

C —1.753518777003890E+00 —1.753518777003498E+00 —2.236E-11

H 1.448751168163630E+00 1.448751168162683E+00 6.537E-11

'H 29py 1.128440582572930E—-02 1.128440582573177E-02 2.189E—-11
240py 7.117228768940148E—-04 7.117228768942675E—-04 3.551E-11

“Ga 6.321622926099207E-05 6.321622926101034E—-05 2.890E—-11

1Ga 4.195139686052158E—-05 4.195139686053661E-05 3.583E-11

C 1.207383494557380E—01 1.207383494556542E—-01 6.940E—11

Iq —2.236418290314506E+00 —2.236418290313802E+00 —3.147E-11

TABLE B.XII
Third Derivatives of L with Respect to g;, 6;, and o
Isotope 0°L/3¢;:00;00; (10** atoms/b® - )
i j k Multidual Central Difference Difference (%)

29py 239py 239py 3.384153906598177E—04 3.384153906598862E—04 2.025E-11
240py 2.134432057348066E—05 2.134432057347827E-05 1.121E-11

“Ga 1.895832643010848E—-06 1.895832643010672E-06 9.282E—-12

Ga 1.258107744132024E-06 1.258107744131729E-06 2.345E-11

C 1.778770812516648E—-03 1.778770812517101E-03 2.547E~-11

H 3.557539311393691E-03 3.557539311395360E-03 4.692E—-11

240py 240py 1.346215430259401E—-06 1.346215430259250E—-06 1.122E—-11
“Ga 1.195727523124645E-07 1.195727523124530E-07 9.630E—12

1Ga 7.935057254451509E-08 7.935057254449236E-08 2.865E—-11

C 1.121895028919376E—-04 1.121895028919617E-04 2.148E-11

g 2.243788598594675E-04 2.243788598595870E-04 5.326E—-11

“Ga Ga 1.062062042538242E—-08 1.062062042538214E-08 2.632E-12
1Ga 7.048029716082934E—-09 7.048029716081643E—-09 1.832E—-11

C 9.964829803481977E—-06 9.964829803483791E—-06 1.821E—-11

H 1.992964664575235E-05 1.992964664576202E—-05 4.852E-11

1Ga 1Ga 4.677195953643981E-09 4.677195953642914E-09 2.281E-11
C 6.612835574351154E-06 6.612835574352860E—-06 2.580E-11

H 1.322566254741530E—05 1.322566254742131E-05 4.545E~-11

C C 1.903209218810780E—02 1.903209218809492E-02 6.769E—11
H 3.806415962125451E—-02 3.806415962123275E-02 5.717E~-11

'y g 7.612826973261906E—02 7.612826973257168E—-02 6.224E—-11
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TABLE B.XIII

Third Derivatives of L with Respect to N;, N;, and Ny

Isotope O’L/AN;ON;ON; (b - cm?/atom® - s)
i j k Multidual Central Difference Difference (%)
239py 239py, 239py 2.995730212289502E+08 2.9957398197353202E+08 3.207E—04
240py —9.702682360721366E+08 —9.7026941897914159E+08 —1.219E-04
9Ga —1.504151959633565E+08 —1.5041537934273025E+08 —1.219E-04
Ga —1.504151959633616E+08 —1.5041537934273025E+08 —1.219E-04
C 3.465300288351038E+07 3.4653070327737480E+07 1.946E—04
'H 5.775931357657159E+06 5.7759425992011903E+06 1.946E—04
240py 240py —2.240109493373314E+09 —2.2401128199320970E+09 —1.485E-04
9Ga —3.472715027641820E+08 —3.4727201846179771E+08 —1.485E-04
Ga —3.472715027641796E+08 —3.4727201846179771E+08 —1.485E-04
C —1.884973351677643E+08 —1.8849745639059082E+08 —6.431E-05
'H —3.141856631271924E+07 —3.1418586516403344E+07 —-6.431E-05
9Ga OGa —5.383553660606406E+07 —5.3835616551742688E+07 —1.485E—04
Ga —5.383553660606465E+07 —5.3835616530151561E+07 —1.485E—04
C —2.922167556737571E+07 —2.9221694358354200E+07 —6.431E-05
'H —4.870642604921388E+06 —4.8706457369847512E+06 —6.431E-05
Ga "Ga —5.383553660606465E+07 —5.3835832461315297E+07 —5.496E—04
C —2.922167556737587E+07 —2.9221694336763080E+07 —-6.423E-05
'H —4.870642604921388E+06 —4.8706457369847512E+06 —6.436E-05
C C 6.029473460001338E+06 6.0294794948277874E+06 1.001E—04
'H 1.004987214090909E+06 1.0049882199687074E+06 1.001E-04
'H 'H 1.675103650735670E+05 1.6751053273251091E+05 1.001E-04
240py 240py 240py —3.509950750674471E+09 —3.5099507894888191E+09 1.106E—06
“Ga —5.441278095649949E+08 —5.4412781558207130E+08 —1.106E—06
1Ga —5.441278095650114E+08 —5.4412781558207130E+08 —-1.106E-06
C —4.116476732190798E+08 —4.1164767595187926E+08 —6.639E—07
'H —-6.861306398309547E+07 —6.8613064438843742E+07 —6.642E—07
“Ga Ga —8.435305626014875E+07 —8.4353057192841396E+07 —1.106E-06
Ga —8.435305626015280E+07 —8.4353057192841396E+07 —1.106E—06
C —6.381541014447919E+07 —6.3815410568303041E+07 —6.641E—07
'H —-1.063669517456582E+07 —1.0636695245218094E+07 —6.642E—07
'Ga Ga —8.435305626015291E+07 —8.4353057192841396E+07 —-1.106E-06
C —6.381541014447957E+07 —6.3815410568303041E+07 —6.641E—07
'H —1.063669517456588E+07 -1.0636695245218094E+07 —6.642E—07
C C —7.379614911399059E+07 —7.3796149359120727E+07 —3.322E—07
'H —1.230027577046341E+07 —1.2300275811329843E+07 —3.322E—07
'H 'H —2.050198903952919E+06 —2.0501989107833165E+06 —3.332E—07
“Ga “Ga ®Ga —1.307677713829100E+07 —1.3076777137744062E+07 4.183E-09
"Ga -1.307677713829186E+07 —1.3076777137744062E+07 —4.189E-09
C —9.892942039638313E+06 —9.892942041141208E+06 —-1.519E-08
'H —1.648946682580927E+06 —1.648946682826353E+06 —1.488E—08
Ga 1Ga —-1.307677713829100E+07 —1.307677713774406E+07 —4.183E-09
C —9.892942039638393E+06 —9.892942041141208E+06 —-1.519E-08
'H —1.648946682580939E+06 —1.648946682826353E+06 —1.488E—08
C C —1.144019954240438E+07 —1.144019954454673E+07 -1.873E-08
'H —1.906842171714688E+06 —1.906842172029414E+06 —-1.651E-08
'H 'H —3.178307383846062E+05 —3.178307383469324E+05 -1.185E-08
Ga Ga Ga —1.307677713829178E+07 -1.307677713722310E+07 8.172E-09
(Continued)
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TABLE B.XIII (Continued)

Isotope 3’ L/ON,ON;ON;. (b* - cm?/atom? - 5)

i j k Multidual Central Difference Difference (%)
C -9.892942039638313E+06 —9.892942039418800E+06 —-2.219E—09
'H —1.648946682580927E+06 —1.648946682586822E+06 -3.575E-10
C C —1.144019954240438E+07 —1.144019953725010E+07 —4.505E—08
'H -1.906842171714688E+06 —1.906842170800369E+06 —4.795E-08
'H 'H —3.178307383846062E+05 —3.178307381680259E+05 —-6.814E—08
C C C —2.696827683306663E+07 —2.696827725347538E+07 1.559E-06
'H —4.495048130337075E+06 —4.49504820040948E+06 -1.559E-06
'H 'H —7.492305800299522E+05 —7.492305917101883E+05 -1.559E-06
'H 'H 'H —1.248810793066914E+05 —1.248810795228643E+05 1.731E-07

TABLE B.XIV
Third Derivatives of L with Respect to N;, N, and oy
Isotope 0°L/AN;0N;00; (b - cm?/atom? - s)

i j k Multidual Central Difference Difference (%)
239py 239py 239py 1.743278682813930E+05 1.743281948662195E+05 1.873E-04
240py —5.375572419349610E+04 —5.375578973003904E+04 —-1.219E-04
“Ga —4.774659203785505E+03 —4.774665024834193E+03 —1.219E—-04
1Ga —3.168547467530565E+03 —3.168551330481496E+03 —-1.219E—04
C 9.104651385968036E+05 9.104669106140363E+05 1.946E—-04
'H 1.820929092955487E+06 1.820932636987726E+06 1.946E—-04
240py 239py —8.522999989864256E+05 —8.523003552364936E+05 —4.180E-05
240py, 3.892052556290618E+05 3.892054127453684E+05 4.037E-05
“Ga —-1.102350773979886E+04 —1.102352410968920E+04 —1.485E—04
Ga —7.315392793804171E+03 —7.315403657150883E+03 —1.485E—04
C —4.952536233742326E+06 —4.952539418467350E+06 —-6.430E-05
H -9.905066025741907E+06 -9.905072395185854E+06 —-6.430E—05
“Ga 29py —1.321272474981654E+05 —1.321273027255915E+05 —4.180E-05
240py —1.923986628524890E+04 —1.923989485641740E+04 —1.485E—04
“Ga 5.116050215874860E+05 5.116053604672791E+05 6.624E-05
'Ga —1.134063962645450E+03 —1.134065646728607E+03 —1.485E—04
C ~7.677636764959395E+05 ~7.677641702057245E+05 -6.430E-05
H —1.535526354364942E+06 —1.535527341784056E+06 —-6.430E-05
"Ga 239py —1.321272474981654E+05 -1.321273027255915E+05 —4.180E—05
240py -1.923986628524890E+04 -1.923989485641740E+04 —1.485E—04
“Ga —1.708912046423156E+03 —1.708914584154689E+03 —1.485E—04
'Ga 5.121798696712636E+05 5.121802094046901E+05 6.633E-05
C —7.677636764959395E+05 —7.677641702057245E+05 -6.430E—05
'H —1.535526354364942E+06 —1.535527341784056E+06 —-6.430E-05
C 239py 3.043978275746765E+04 3.043981184273126E+04 9.555E-05
240py —1.044330875089480E+04 —1.044331546645829E+04 —6.430E—-05
“Ga —9.275894054733330E+02 -9.275900019590727E+02 —-6.430E-05
'Ga —6.155645745963376E+02 —6.155649704347742E+02 -6.430E-05

(Continued)
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TABLE B.XIV (Continued)

Isotope &°L/dN;0N;0c; (b - cm?/atom? - 5)
i j k Multidual Central Difference Difference (%)
C —3.580733832078601E+05 —3.580737368268060E+05 —-9.876E—05
'H 3.168338304020197E+05 3.168341475170545E+05 1.001E-04
'H B9py 5.073675615938963E+03 5.073680463847417E+03 9.555E-05
240py, —1.740681311075983E+03 —1.740682430420075E+03 —6.430E—05
“Ga —1.546097679359685E+02 —1.546098673576758E+02 —6.430E-05
'Ga —1.026017497250069E+02 -1.026018157030030E+02 —6.430E—05
C 2.640480613587222E+04 2.640483256402007E+04 1.001E-04
'H —4.636808235079139E+05 —4.636812828277020E+05 -9.906E—05
240py, 240pyy 239py, —3.083199995655494E+06 —3.083200029755863E+06 —1.106E-06
240py 2.036438364852869E+06 2.036438392664305E+06 1.366E—06
Ga —1.727235627581222E+04 —1.727235646681950E+04 —-1.106E-06
"Ga —1.146223812007777E+04 —1.146223824681642E+04 —-1.106E-06
C —1.081553760608144E+07 —1.081553767791507E+07 —6.642E—07
'H —2.163106114443928E+07 —2.163106128806427E+07 —6.640E—07
“Ga 23%py —4.779710540851522E+05 —4.779710593715602E+05 —1.106E-06
240py 1.427756165559226E+05 1.427756197062078E+05 2.206E-06
“Ga 1.112772362648456E+06 1.112772370109456E+06 6.705E—07
1Ga —1.776925935439949E+03 —1.776925955087419E+03 —1.106E-06
C —-1.676671613051589E+06 —1.676671624187005E+06 —6.641E—07
'H —3.353341045263569E+06 —3.353341067532156E+06 —6.641E—07
240py 1Ga 29py —4.779710540851522E+05 —4.779710593715602E+05 —1.106E-06
240py 1.427756165559226E+05 1.427756197062078E+05 2.206E—06
9Ga —2.677635686078510E+03 —2.677635715688568E+03 —-1.106E-06
Ga 1.113673072399094E+06 1.113673079870213E+06 6.709E—07
C -1.676671613051589E+06 -1.676671624187005E+06 —6.641E—07
'H —3.353341045263569E+06 —3.353341067532156E+06 —6.641E—07
C 239py —3.615982657411079E+05 —3.615982681423834E+05 —6.641E—07
240py 1.732125281033983E+05 1.732125299296868E+05 1.054E-06
9Ga —2.025705138621213E+03 —2.025705152074431E+03 —6.641E—07
1Ga —1.344293406711219E+03 —1.344293415639237E+03 —6.641E—07
C 4.718972589064276E+06 4.718972605005500E+06 3.378E-07
'H —3.877804048364988E+06 —3.877804061255515E+06 —3.324E—07
'H 29py —6.027087375340729E+04 —6.027087415369548E+04 —6.641E—07
240py 2.887090841664290E+04 2.887090872104760E+04 1.054E—06
“Ga —3.376427108167617E+02 —3.376427130591083E+02 —6.641E—07
'Ga —2.240656161261526E+02 —2.240656176143252E+02 —6.642E—07
C —3.231746559389047E+05 —3.231746570138796E+05 —3.326E—07
'H 6.011526982682471E+06 6.011527002917835E+06 3.366E-07
“9Ga “Ga 239py, —7.409714869784210E+04 —7.409714869773823E+04 —1.402E-10
240py —4.673408299498435E+03 —4.673408299908193E+03 —8.768E—09
OGa 3.454287078735932E+05 3.454287078745845E+05 2.870E-10
"Ga —2.754667759439039E+02 —2.754667759839371E+02 —1.453E-08
C —2.599249154690470E+05 —2.599249154595520E+05 —3.653E—09
'H —5.198494928548661E+05 —5.198494928703172E+05 —2.972E-09
"1Ga 23%py —7.409714869784210E+04 —7.409714869773823E+04 —1.402E-10
240py —4.673408299498435E+03 —4.673408299908193E+03 —8.768E—09
®Ga 1.725068045801000E+05 1.725068045807559E+05 3.802E-10
Ga 1.726464365175494E+05 1.726464365218976E+05 2.519E-09
(Continued)
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TABLE B.XIV (Continued)

Isotope 0°L/AdN;0N;00; (b - cm?/atom? - s)

i j k Multidual Central Difference Difference (%)
C —2.599249154690470E+05 —2.599249154595520E+05 -3.653E—09
'H —5.198494928548661E+05 —5.198494928703172E+05 —-2.972E—09
®Ga C 239py —5.605653362583622E+04 —5.605653362098346E+04 -8.657E—09
240py —3.535562084263106E+03 —3.535562084232378E+03 —-8.691E-10
“Ga 1.957049906407847E+05 1.957049906411872E+05 2.057E-10
1Ga —2.083982023582214E+02 —2.083982023382775E+02 -9.570E—09
C 7.315556258991439E+05 7.315556256661692E+05 3.185E-08
'H —6.011540254100939E+05 -6.011540254075985E+05 —4.151E-10
'H 239py -9.343452613888778E+03 -9.343452612815176E+03 —1.149E-08
240py —5.893043087228781E+02 —5.893043087048698E+02 —3.056E—09
“Ga 3.261993184521389E+04 3.261993184528066E+04 2.047E-10
1Ga —3.473562495944646E+01 —3.473562495473440E+01 -1.357E-08
C —5.009993875531397E+04 —5.009993874885706E+04 —1.289E—08
'H 9.319330217380848E+05 9.319330214754802E+05 2.818E—08
"1Ga 1Ga 29py —7.409714869784210E+04 —7.409714869205316E+04 —7.813E-09
240py —4.673408299498435E+03 —4.673408300100544E+03 —1.288E-08
“Ga —4.150987133933455E+02 —4.150987133711392E+02 -5.350E—09
1Ga 3.455683398110428E+05 3.455683398009285E+05 2.927E-09
C —2.599249154690470E+05 —2.599249154709368E+05 —~7.271E-10
H —5.198494928548661E+05 —5.198494928892467E+05 —6.614E—09
C 239py, —5.605653362583622E+04 —5.605653363279794E+04 —1.242E-08
240py —3.535562084263106E+03 —3.535562084801918E+03 —1.524E—08
®Ga —3.140336085031174E+02 —3.140336085762294E+02 —2.328E—08
'Ga 1.958106260469295E+05 1.958106260471490E+05 1.121E-10
C 7.315556258991439E+05 7.315556257116593E+05 2.563E—08
'H —6.011540254100939E+05 —6.011540256023979E+05 —3.199E-08
'H 29py —9.343452613888778E+03 —9.343452614741347E+03 —9.125E-09
240py —5.893043087228781E+02 —5.893043087791624E+02 —-9.551E—09
“Ga —5.234283945921759E+01 —5.234283947275009E+01 —2.585E—08
'Ga 3.263753905971366E+04 3.263753905975100E+04 1.144E-10
C —5.009993875531397E+04 —5.009993876661654E+04 —2.256E—08
'H 9.319330217380848E-+05 9.319330215125590E+05 2.420E—08
C C 239py —6.482378323511393E+04 —6.482378419895817E+04 —1.487E-06
240py —4.088524483057356E+03 —4.088524543853756E+03 —1.487E-06
“Ga —3.631485082902867E+02 —3.631485136897144E+02 —1.487E-06
1Ga —2.409917100195159E+02 —2.409917136027583E+02 —1.487E-06
C 4.054769251876398E+06 4.054769383954272E+06 3.257E-06
'H -1.417115856806510E+06 —1.417115878898552E+06 -1.559E—06
'H 239py —1.080476989449684E+04 —1.080477005514780E+04 —1.487E-06
240py —6.814715840824639E+02 —6.814715942158971E+02 —1.487E-06
“Ga -6.052926678739268E+01 —6.052926768735639E+01 —1.487E-06
1Ga —4.016828150554025E+01 —4.016828210279664E+01 —1.487E—06
C 2.788717086938128E+05 2.788717247445498E+05 5.756E-06
H 2.145460223924732E+06 2.145460256022408E+06 1.496E-06
'H 'H 239py —1.800929329434564E+03 —1.800929332412145E+03 -1.653E—07
240py —1.135870707968922E+02 —1.135870709849643E+02 —1.656E-07
“Ga —1.008896375498992E+01 —1.008896377166299E+01 -1.653E—07
Ga —6.695213038563294E+00 —6.695213049630595E+00 -1.653E—07
C -1.968511433715311E+04 —1.968511437120866E+04 —1.730E—07
'H 7.545769645520820E+05 7.545769671355219E+05 3.424E-07
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TABLE B.XV
Third Derivatives of L with Respect to N;, o;, and oy
Isotope o’L/ ON;00,00, (cm/atom - b - s)
i j k Multidual Central Difference Difference (%)
29py 29py 29py 2.311554020212181E+02 2.311556144683682E+02 9.191E-05
240py —4.721993565522159E+01 —4.721995539252353E+01 —4.180E—05
9Ga —4.194141252135556E+00 —4.194143005230790E+00 —4.180E—05
Ga —2.783305588047693E+00 —2.783306751432838E+00 —4.180E—05
C 7.997679485464885E+02 7.997687127275267E+02 9.555E—05
'H 1.599534856838220E+03 1.599536385199694E+03 9.555E—05
240py 240py —6.875987089772191E+00 —6.875997300601164E+00 —1.485E—04
Ga —-6.107348665812089E—01 —-6.107357735214675E—01 —1.485E-04
Ga —4.052943534282532E-01 —4.052949552897147E—01 —1.485E-04
C —2.743851256195888E+02 —2.743853020627363E+02 —6.430E—05
'H —5.487698943476156E+02 —5.487702472336891E+02 —6.430E—05
9Ga 9Ga —5.424633181943988E—02 —5.424641237515103E-02 —1.485E—04
Ga —3.599881582606673E—02 —3.59988692842508 1 E—02 —1.485E—04
C —2.437127366577122E+01 —2.437128933770051E+01 —6.430E—05
'H —4.874251563193079E+01 —4.874254697576842E+01 —6.430E—05
1Ga 1Ga —2.388944463917952E—02 —2.388948011496667E—02 —1.485E—04
C —1.617320402531556E+01 —1.617321442548181E+01 —-6.430E—05
'H —3.234638701421367E+01 —3.234640781453259E+01 —6.430E—05
C C 4.162212808543174E+03 4.162216974436882E+03 1.001E—04
'H 8.324420203313912E+03 8.324428535128585E+03 1.001E-04
'H 'H 1.664882957909000E+04 1.664884624268826E+04 1.001E-04
240py 29py 239py —2.708334927885626E+03 —2.708334957841025E+03 —1.106E-06
240py 8.090117296097209E+02 8.090117474602549E+02 2.206E—06
“Ga -1.517232935086371E+01 —1.517232951864096E+01 —1.106E—06
"Ga —1.006862347434221E+01 -1.006862358567184E+01 —1.106E—06
C —9.500550825014945E+03 -9.500550888112177E+03 —6.641E—07
'H —-1.900108929270397E+04 -1.900108941887326E+04 —6.640E—07
240py 240py 1.128246963141303E+02 1.128246879112393E+02 7.448E—06
9Ga 4.532154529326717E+00 4.532154629327612E+00 2.206E-06
"Ga 3.007617118509733E+00 3.007617184872887E+00 2.207E-06
C 4.550946679467395E+03 4.550946727450456E+03 1.054E-06
'H 9.101887439537866E+03 9.101887535504595E+03 1.054E-06
“Ga “Ga —8.499671719361362E—02 —8.499671813352710E—02 —1.106E-06
1Ga —5.640531010018749E—02 —5.640531072385390E—02 —1.106E-06
C —5.322291739016184E+01 —5.322291774362884E+01 —6.641E—07
'H —1.064457655535021 E+02 —1.064457662602980E+02 —6.640E—07
Ga "Ga —3.743155162394161E—02 —3.743155203781939E—02 —-1.106E-06
C —3.531966008746402E+01 —3.531966032202150E+01 —6.641E—07
'H —7.063927423479689E+01 —7.063927470384608E+01 —6.640E—07
C C —5.094230517822391E+04 —5.094230534763521E+04 —3.326E—07
'H —1.018845440960090E+05 —1.018845444348295E+05 —3.326E—07
'H 'H —2.037689556712261E+05 —2.037689563484660E+05 —3.324E-07
“Ga 29py B9py —4.198578431892845E+02 —4.198578431866535E+02 —6.266E—-10
240py —2.648100721084099E+01 —2.648100721266487E+01 —6.888E—09
®Ga 9.774780295774789E+02 9.774780295812253E+02 3.833E-10
1Ga —1.560881740399296E+00 —1.560881740606253E+00 —1.326E-08
C —1.472816651083490E+03 —1.472816650964507E+03 —8.079E—09
(Continued)
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TABLE B.XV (Continued)

Isotope 3’L/dN;06;00; (cm/atom - b - 5)
i j k Multidual Central Difference Difference (%)
'H —2.945631386480648E+03 —2.945631386624474E+03 —4.883E—09
240py 240py —1.670193267258964E+00 —1.670193267349374E+00 —5.413E-09
®Ga 6.165087343148736E+01 6.165087343171735E+01 3.730E~10
1Ga —9.844694172867779E—02 —9.844694174298671E~02 —1.453E-08
C —9.289255635032981E+01 —9.289255634304079E+01 —7.847E—09
H —1.857849918757080E+02 —1.857849918841492E+02 —4.544E—09
“Ga “Ga 1.096501153847646E+01 1.096501152534108E+01 1.198E-07
1Ga 3.633914746999563E+00 3.633914747011708E+00 3.342E-10
C 5.141908538972495E+03 5.141908538984124E+03 2.262E-10
'H 1.028381038988650E+04 1.028381038990738E+04 2.030E-10
1Ga 1Ga —5.802801703083962E—03 —5.802801704050880E—03 —1.666E-08
C —5.475407104865853E+00 —5.475407104452347E+00 —7.552E—09
H —1.095080708789305E+01 —1.095080708838557E+01 —4.498E—09
C C —7.897297398116582E+03 —7.897297397533101E+03 —7.388E—09
'H —1.579458452425215E+04 —1.579458452460845E+04 —2.256E—09
'H g —3.158914850455560E+04 —3.158914850479614E+04 —7.615E-10
1Ga 239py 239py —4.198578431892845E+02 —4.198578431569723E+02 —7.696E—09
240py —2.648100721084099E+01 —2.648100721378863E+01 —-1.113E-08
“Ga —2.352080391469268E+00 —2.352080391216942E+00 —1.073E-08
1Ga 9.782692282285486E+02 9.782692282299914E+02 1.475E-10
C —1.472816651083490E+03 —1.472816651100147E+03 -1.131E-09
'H —2.945631386480648E+03 —2.945631386788828E+03 —1.046E-08
240py 240py —1.670193267258964E+00 -1.670193267460508E+00 —-1.207E-08
“Ga —1.483489205152117E-01 —1.483489205065495E—01 —5.839E—09
1Ga 6.170077541027391E+01 6.170077541036382E+01 1.457E-10
C —-9.289255635032981E+01 —9.289255634726874E+01 —-3.295E-09
'H —1.857849918757080E+02 —1.857849918980833E+02 —1.204E-08
MGa MGa -1.317656025170430E—02 -1.317656025097632E~02 —5.525E-09
Ga 5.480349853216384E+00 5.480349853224317E+00 1.448E~10
C —8.25084780822 1488E+00 —8.250847807920774E+00 —3.645E-09
'H —1.650168488460045E+01 —1.650168488534263E+01 —4.498E—09
1Ga Ga 7.279515084591429E+00 7.279515078800185E+00 7.956E—08
C 5.144683979675849E+03 5.144683979681446E+03 1.088E—10
'H 1.028936126768321E+04 1.028936126769300E+04 9.514E~11
C C —7.897297398116582E+03 —7.897297400254674E+03 —-2.707E-08
'H —1.579458452425215E+04 —1.579458452687873E+04 -1.663E-08
'H 'H —3.158914850455560E+04 —3.158914851706038E+04 —3.959E-08
C 239py 239py —3.176340212602082E+02 —3.176340257732987E+02 —-1.421E-06
240py —2.003361124209830E+01 —2.003361152675518E+01 —1.421E-06
“Ga —1.779413592454560E+00 —1.779413617738543E+00 —-1.421E-06
Ga —1.180850023304541E+00 —1.180850040082 144E+00 —1.421E-06
C 4.145225189642776E+03 4.145225416479916E+03 5.472E—06
'H —3.406328542579788E+03 —3.406328593228896E+03 —1.487E-06
240py 240py —1.263547203813983E+00 —1.263547221767809E+00 —1.421E-06
“Ga —1.122300438999165E—01 —1.122300454945726E-01 —-1.421E-06
Ga —7.447782264710917E—02 —7.447782370528734E—02 —1.421E-06
C 2.614450103007903E+02 2.614450246077318E+02 5.472E—06
'H —2.148417902911072E+02 —2.148417934856076E+02 —1.487E-06
(Continued)
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TABLE B.XV (Continued)

Isotope 0°L/dN;06,00; (cm/atom - b - s)
i j k Multidual Central Difference Difference (%)
“Ga “Ga —9.968430712962502E—03 —9.968430854605562E—03 —1.421E-06
1Ga —6.615225200946120E-03 —6.615225294935146E—03 —1.421E-06
C 2.322191438111996E+01 2.322191565188290E+01 5.472E-06
'H —1.908255068202210E+01 —1.908255096576113E+01 —1.487E-06
Ga "Ga —4.389979297576650E—-03 —4.389979359948780E-03 —-1.421E-06
C 1.541046907498084E+01 1.541046991828117E+01 5.472E—-06
'H —1.266351483046306E+01 —1.266351501875520E+01 —1.487E-06
C C 1.065340877180544E+05 1.065340744519607E+05 1.245E-05
'H 8.791752812112679E+04 8.791753318130737E+04 5.756E—-06
'H 'H —7.446591282206490E+04 —7.446591398296764E+04 —1.559E-06
'H 239py 29py —5.294295301976802E+01 —5.294295310327021E+01 —1.577E-07
240py —3.339184305883357E+00 —3.339184311157747E+00 —1.580E-07
“Ga —2.965910573882862E-01 —2.965910578560713E-01 —1.577E-07
1Ga —1.968230199623024E-01 —1.968230202728745E-01 —1.578E-07
C —2.838820737286205E+02 —2.838820741974350E+02 —1.651E-07
'H 5.280626790369602E+03 5.280626817453849E+03 5.129E-07
240py 240py —2.106069116411852E—01 —2.106069119736965E—01 —1.579E-07
“Ga —1.870640279031140E-02 —1.870640281981691E—02 —1.577E-07
1Ga —1.241389650194405E—-02 —1.241389652154238E—-02 —1.579E-07
C —1.790482984510305E+01 —1.790482987467140E+01 —1.651E-07
'H 3.330563389058689E+02 3.330563406140848E+02 5.129E-07
Ga Ga —1.661529066764682E-03 —1.661529069385245E-03 -1.577E-07
1Ga —1.102619787513144E-03 —1.102619789253465E-03 —1.578E-07
C —1.590332227771904E+00 —1.590332230398922E+00 —1.652E-07
'H 2.958253354027762E+01 2.958253369200510E+01 5.129E-07
"1Ga 1Ga —7.317178014723933E—-04 —7.317178026279780E—-04 —1.579E-07
C —1.055372318268031E+00 —1.055372320010401E+00 —1.651E-07
'H 1.963148734424218E+01 1.963148744493140E+01 5.129E-07
C C —3.102981881787979E+03 —3.102981887154940E+03 —1.730E-07
'H 5.636933534144331E+04 5.636933564408496E+04 5.369E—07
'H 'H 2.378891061100814E+05 2.378890949302082E+05 4.700E-06
TABLE B.XVI
Third Derivatives of L with Respect to o;, o;, and oy
Isotope 9’L/90;00;00; (/b - 5)
i j k Multidual Central Difference Difference (%)
239py 239py 239py —2.379047123748252E+00 —2.379053737401764E+00 —2.780E-04
240py —1.500497491254651E-01 —1.500501662576081E-01 —2.780E-04
“Ga —1.332763024657205E—02 —1.332766748649477E—-02 —2.794E-04
"'Ga —8.844448842020021E-03 —8.844473429223933E-03 —2.780E-04
C —8.345444236442320E+00 —8.345458167941588E+00 —1.669E-04
'H —1.669087761800095E+01 —1.669090548097855E+01 —1.669E-04
240py 240py —9.463842471999041E-03 —9.463868781091183E-03 —2.780E-04
“Ga —8.405918298013587E-04 —8.405941666120432E—-04 —2.780E-04
(Continued)
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TABLE B.XVI (Continued)

Isotope 0°L/36,00,00; (/b° - 5)
i j k Multidual Central Difference Difference (%)
TGa ~5.578314597682723E—04 ~5.578330105168082E—04 ~2.780E—04
C —5.263585582305625E-01 —5.263594369091946E—01 —1.669E—04
H ~1.052716431828795E+00 ~1.052718170219070E+00 ~1.651E—04
“Ga Ga —7.466255132831193E-05 —7.466275888712877E—05 —2.780E—04
Ga —4.954737664693019E—05 —4.954751438659808E—05 —2.780E—04
C ~4.675190916413517E—02 ~4.675198720960884E—02 ~1.669E—04
g —9.350375751826157E—02 —9.350391360910482E—02 —1.669E—04
71Ga TGa ~3.288050687951642E-05 ~3.288059828597292E—05 ~2.780E—04
C —3.102538570015458E—02 —3.102543749249663E-02 —1.669E—04
H ~6.205073104572242E—02 ~6.205083463034012E—02 ~1.669E—04
C C —4.474858089504539E+01 —4.474861829652234E+01 —8.358E—05
H —8.949710358580262E+01 —8.949717838869097E+01 —8.358E—05
H q —1.789940907631046E+02 —1.789942403687780E+02 —8.358E—-05
240py 240py 240py —5.968974613873462E—04 —5.968974679884927E—-04 —1.106E-06
9Ga ~5.301727398315470E-05 ~5.301727456944738E—05 ~1.106E-06
Ga —3.518319152108287E—05 —3.518319191584935E-05 —-1.122E-06
C —3.319815266546514E—-02 —3.319815288604753E—02 —6.644E-07
IH —6.639626215023479E—02 —6.639626259120997E—02 —6.642E—07
“Ga “Ga —4.709069015089172E—06 —4.709069067167253E—-06 —1.106E-06
TGa ~3.125020669612918E—06 ~3.125039670013810E—06 ~6.080E—04
C —2.948706720093125E—03 —2.948706739669897E—03 —6.639E—07
H —5.897409604816003E—03 ~5.897409643801863E—-03 ~6.611E-07
Ga Ga —2.073818445687669E—06 —2.073818468617714E—-06 —1.106E—06
C —1.956813420952389E—03 —1.956813433948622E—03 —6.642E—07
Iq —3.913624296685913E—03 —3.913624322672628E—03 —6.640E—07
C C —2.822354071928983E+00 —2.822354081319165E+00 —3.327E-07
g —5.644704472834071E+00 —5.644704491614327E+00 —3.327E-07
H g —1.128940160362512E+01 —1.128940164111165E+01 —-3.321E-07
9Ga 9Ga Ga —4.182661484240016E—07 —4.182661484219589E-07 —4.884E—10
Ga —2.775687413023951E—-07 —2.775687413069558E—07 —1.643E-09
C —2.619082877514298E—04 —2.619082877246118E—04 —1.024E-08
H —5.238162348398675E—04 —5.238162347976234E—-04 —8.065E—09
71Ga TGa ~1.841994778647366E—-07 ~1.841994778954295E—07 ~1.666E—-08
C —1.738069266225554E—04 —1.738069266026389E—04 —1.146E—08
H —3.476136271751831E—04 ~3.476136271093234E—04 ~1.895E—08
C C —2.506854674186975E—01 —2.506854673723586E—01 —1.848E—08
g —5.013706087718773E—01 —=5.013706086719190E—01 —1.994E—08
q g —1.002740565413143E+00 —1.002740565309510E+00 —1.033E-08
1Ga Ga Ga —1.222379994463332E—-07 —1.222379994334025E—-07 —1.058E—08
C ~1.153413204344606E—04 ~1.153413204467566E—04 ~1.066E—08
q —2.306824908449580E—04 —2.306824908601171E—-04 —6.571E—-09
C C ~1.663592665014656E—01 ~1.663592665465053E-01 ~2.707E—08
H ~3.327183166201432E—01 ~3.327183167311077E-01 ~3.335E-08
H ' —6.654362004749920E—01 —6.654362004046038E—01 —1.058E—08
C C C —4.891257624311546E+02 —4.891257700560944E+02 —1.559E-06
H —9.782508886585181E+02 —9.782509039084024E+02 —1.559E-06
H g —1.956500504910280E+03 —1.956500535410990E+03 —1.559E-06
'H 'H H ~3.912998465008702E+03 ~3.912998471796426E+03 ~1.735E-07
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