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Abstract: Bernstein polynomial approximation of continuous function has a slower rate of conver-
gence compared to other approximation methods. “The fact seems to have precluded any numerical
application of Bernstein polynomials from having been made. Perhaps they will find application when the
properties of the approximant in the large are of more importance than the closeness of the approximation.”—
remarked PJ. Davis in his 1963 book, Interpolation and Approximation. This paper presents a direct
approximation method for nonlinear optimal control problems with mixed input and state constraints
based on Bernstein polynomial approximation. We provide a rigorous analysis showing that the
proposed method yields consistent approximations of time-continuous optimal control problems and
can be used for costate estimation of the optimal control problems. This result leads to the formulation
of the Covector Mapping Theorem for Bernstein polynomial approximation. Finally, we explore the
numerical and geometric properties of Bernstein polynomials, and illustrate the advantages of the
proposed approximation method through several numerical examples.

Keywords: numerical optimal control; Bernstein polynomials; Bezier curves

1. Introduction

Motion planning plays an important role in enabling robotic systems to accomplish
tasks assigned to them autonomously, safely and reliably. Over the past decades, many ap-
proaches to generating trajectories have been proposed. Examples include bug algorithms,
artificial potential functions, roadmap path planners, cell decomposition methods, and
optimal control-based trajectory generation. The reader is referred to [1-8] and references
therein for detailed discussions and comparisons of these methods. Each technique has
different advantages and disadvantages, and is best suited to certain types of problems.
Motion planning based on optimal control, i.e., optimal motion planning, is particularly
suitable for applications that require the trajectory to optimize some costs while guaran-
teeing satisfaction of a complex set of vehicle and problem constraints. These applications
include multi-robot road search [9], coordinated tracking [10], optimal and constrained
formation control [11], and adversarial swarm defense [12].

Optimal control problems that arise from robotics and motion-planning applications
are, in general, very complex. Finding a closed-form solution to these problems can be
difficult or even impossible, and therefore they must be solved numerically. Numerical
methods include indirect and direct methods [13]. Indirect methods solve the problems
by converting them into boundary value problems. Then, the solutions are found by
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solving systems of differential equations. On the other hand, direct methods are based
on transcribing optimal control problems into nonlinear programming problems (NLPs)
using a discretization scheme [6,13-15]. These NLPs can be solved using ready-to-use NLP
solvers (e.g.,, MATLAB, SNOPT, etc.) and do not require calculation of costate and adjoint
variables, as indirect methods do.

A wide range of direct methods that use different discretization schemes have been
developed, including direct single shootings, direct multiple shooting and direct collocation
methods [6,13-15]. The software packages that implement some of these methods (e.g.,
PSOPT [16], NLOptControl [17], GPOPS 11 [18], PROPT [19], DIDO [20] and CasADi [21])
are particularly relevant; some of these have been applied successfully to solve a wide
range of real-world problems [22-28]. Theoretical results in the literature on direct methods
include those related to consistency of approximation theory; see [29], which provides a
framework to assess the convergence properties of Euler and Range-Kutta discretization
schemes. Motivated by the consistency of approximation theory, direct methods that use
different discretization schemes have been developed, including Pseudospectral methods
based on Legendre, Chebyshev and Lagrange polynomials [28]. One drawback of di-
rect methods is that the costate of the original optimal control problem cannot be readily
obtained from the approximated solution. Nevertheless, in several applications—such
as motion planning and control for safety-critical robotic systems—the knowledge of the
costate is important because it allows for the evaluation of the fulfillment of necessary con-
ditions of optimality. This evaluation, in turn, provides important insights into the validity
and optimality of the solution. Therefore, approaches for obtaining estimates of the costate
from direct methods have been proposed in the literature on direct collocation [30-32] and
direct shooting [33].

In [34] we presented a direct method based on Bernstein polynomials. We showed
that the geometric properties of these polynomials allow for the implementation of efficient
algorithms for the computation of state and input constraints, which are particularly useful
for motion planning and trajectory generation applications [35,36]. Additional works
that exploit the properties of Bernstein polynomials for nonlinear optimal control can be
found in [37—41]. Furthermore, in [42] we used the approximation properties of Bernstein
polynomials to derive consistency and convergence results for the proposed direct method.
In the present paper, we propose an approximation scheme for primal and dual optimal
control problems based on Bernstein polynomials. In particular, we propose an approach to
approximate the costate of a general non-linear optimal control problem of Bolza type using
the Lagrange multipliers of the Bernstein polynomial-based discrete approximation. We
derive transformations that relate the Lagrange multipliers of the nonlinear programming
problem to the costate of the original optimal control problem. These transformations
are often referred to as covector mapping in the literature on direct methods for optimal
control [28,29,43]. Finally, we demonstrate uniform convergence properties of the method.

The paper is structured as follows: in Section 2, we present the notation and the
mathematical results, which will be used later in the paper. Section 3 introduces the optimal
control problem of interest and some related assumptions, and presents the approxima-
tion method based on Bernstein approximation that approximates the optimal control
problem into an NLP. In Section 4 we derive the Karush-Kuhn-Tucker (KKT) conditions
associated with the NLP. Section 5 compares these conditions to the first-order optimality
conditions for the original optimal control problem and states the Covector Mapping Theo-
rem for Bernstein approximation. Numerical examples are discussed in Section 6, while
Section 7 highlights the significance of the theoretical findings applied to a specific multi-
robot simulation scenario, namely optimal defense against swarm attacks. The paper ends
with conclusions in Section 8.

2. Notation and Mathematical Background

Vector-valued functions are denoted by bold letters, x(t) = [x1(t), ..., x,(t)] T, while
vectors are denoted by bold letters with an upper bar, £ = [x1, ..., x,] | € R". The symbol
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C" denotes the space of functions with r continuous derivatives. C}, denotes the space of

n-vector valued functions in C”. || - || denotes the Euclidean norm, |[#|| = y/x3 + ...+ x2.
The Bernstein basis polynomials of degree N are defined as

bin(t) = (I;]) ia-oN=1,  telo,1],

forj=0,...,N, with (l;] ) = ],(If]\]%]), . A Nth-order Bernstein polynomial xy : [0,1] — R is

a linear combination of N + 1 Bernstein basis polynomials of order N, i.e.,
N
xn(t) = Z .‘f]‘b]',N(t) , te [0, 1] ,
j=0

where ¥ € R j=0,...,N,are referred to as Bernstein coefficients. For the sake of
generality, and with a slight abuse of terminology, in this paper, we extend the definition of
a Bernstein polynomial given above to a vector of Nth-order polynomials xy : [0,1] — R”"
expressed in the following form

N
xN(t) = Z f"Nb"N(t) , t e [0, 1] , (1)
j=0

where %y n,..., ¥n N € R

In what follows, we provide a review of numerical properties of Bernstein polynomials
that are used throughout this paper. The derivative and integral of a Bernstein polynomial
xn (t) can be easily computed as

N-1
AN(t) =N Y (%8 — %jn)bjn-1(t)
=0
and
1 d 3 L 2
t)dt = X 7 =37 4
JEN0 WLEN 0= @
respectively.

Bernstein polynomials can be used to approximate smooth functions. Consider a
n-vector valued function x : [0,1] — R". The Nth order Bernstein approximation of x(t) is a

vector of Bernstein polynomials x (f) computed as in (1) with £y = x(t;) and t; = 4 for
allj =0,...,N. Namely,

N .
x(t) mxn (1) = Lx(t)bn(), =1 6)
j=0

The following results hold for Bernstein approximations.

Lemma 1 (Uniform convergence of Bernstein approximation). Let x(t) € C on [0,1], and
let xn (t) be computed as in Equation (3). Then, for arbitrary order of approximation N € Z*, the
Bernstein approximation x (t) satisfies

llxn () = x(1)]] < CoWx(N"2),

where Cy is a positive constant satisfying Co < 5n/4, and Wy(-) is the modulus of continuity of
x(t) in [0,1] [44-46]. Moreover, if x(t) € C}, then

N () — %()]| < CIWe(N"2),

where Cy is a positive constant satisfying C; < 9n/4 and W, (-) is the modulus of continuity of
x(t) in [0,1] [47].
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Lemma 2 ([48]). Assume x(t) € Ci*2,r > 0, and let xn(t) be computed as in Equation (3). Let
x(")(t) denote the rth derivative of x(t). Then, the following inequalities hold for all t € [0,1]:

G
() = x(0)]] < 2,

Cr
0B =0l < 5

where Cy, . .., C; are independent of N.

Lemma 3. Ifx(t) € CY on [0,1], then we have

/1x(t)dt wix(j>
Jo =0 N
with w = ﬁ where Cp > 0 is independent of N. Moreover, if x(t) € C2, then
/1x(t)dt w%x( J )
0 =0 \N

The Lemma above follows directly from Lemmas 1 and 2 and Equation (2).
The following property of Bernstein polynomials is relevant to this paper.

< CiW,(N"12),

G

<
- N

Property 1 (End point values). The Bernstein polynomial given by Equation (1) satisfies
xN(0) = %oy and xy(1) = Zn N-

3. Problem Formulation

This paper considers the following optimal control problem:

Problem 1 (Problem P). Determine x : [0,1] — R™ and u : [0,1] — R"* that minimize

HGa0), (1)) = EGx(0), %(1)) + [ Flx(o), ), @
subject to
¢ = f(x(t),u(t)), VvVtel01], ©)
e(x(0),x(1)) =0, ©6)
h(x(t),u(t)) <0, Vtel0,1], (7)

where E : R™ x R™ — Rand F : R™ x R"™ — R are the terminal and running costs,
respectively, f : R" x R™ — R"x describes the system dynamics, e : R" x R" — R is the
vector of boundary conditions, and h : R x R" — R" is the vector of state and input constraints.

Next, we formulate a discretized version of Problem P, here referred to as Problem
Py, where N denotes the order of approximation. This requires that we approximate the
input and state functions, the cost function, the system dynamics and the equality and
inequality constraints in Problem P. First, consider the following Nth-order vectors of
Bernstein polynomials:

M=

xn(t) =) ®inbin(t), un(t) =) djnbin(t), ®)

0 j

M=

0

]
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withxy @ [0,1] = R™, uy : [0,1] — R™, &y € R"™ and ii;y € R™. Let &y € R x (N+1)
and ity € R™*(N+1) be defined as

N = [®oN, .-, BN, in = [N, .-, 8NN

Let0 =ty < f; < ... < ty = 1 be a set of equidistant time nodes, i.e., tj = % Then,
Problem Py can be stated as follows:

Problem 2 (Problem Py). Determine Xn and iy that minimize

In(ZN,iiN) =
a )
E(xn(0), xn(tn)) +w ) F(xn(t)), un(t)),
=0
subject to
lan () = Flan(t),un(t))]| <8, ¥ji=0,...,N, (10)
e(xn(0),xn(tN)) =0, (11)
h(xn(tj),un(t;)) <6p1,  Vj=0,...,N, (12)

where w = ﬁf and 6 is a small positive number that depends on N and converges uniformly to
0, i.e., limy_ye0 65 = 0.

Remark 1. Compared to the constraints of Problem P, the dynamic and inequality constraints
given by Equations (10) and (12) are relaxed. Motivated by previous work on consistency of
approximation theory [29], the bound 8, referred to as relaxation bound, is introduced to
guarantee that Problem Py has a feasible solution. As will become clear later, the relaxation bound
can be made arbitrarily small by choosing a sufficiently large order of approximation N. Furthermore,
note that when N — co, the right-hand sides of Equations (10) and (12) are equal to zero, i.e., the
difference between the constraints imposed by Problems P and Py vanishes.

Remark 2. The outcome of Problem Py is a set of optimal Bernstein coefficients %3, and iiy; that
determine the vectors of Bernstein polynomials xy;(t) and u}(t), i.e.,

N N
xn(t) =) Zinbin(t), uy(t) =) @ nbin(t). (13)
=0 =0

In our previous work, see [42], we provide theoretical results demonstrating: (i) the existence of a
feasible solution to Problem Py, and (ii) the convergence of the pair (x}(t), ux (t)) to the optimal
solution of Problem P, given by (x*(t),u*(t)). Nevertheless, the present paper focuses on the
existence and convergence of the estimates of the costates of Problem P, which are introduced next.

4. Costate Estimation for Problem P
4.1. First-Order Optimality Conditions of Problem P

We start by deriving the first-order necessary conditions for Problem P. Let A(t) : [0,1] —
R"x be the costate trajectory, and let u#(t) : [0,1] — R™ and v € R" be the multipliers. By
defining the Lagrangian of the Hamiltonian (also known as the D-form [49]) as

L(x(t),u(t), A1), p(t) =
H(x(t),u(t), A(1) + " (Dh(x(1),u(t)),
where the Hamiltonian # is given by

H(x(t), u(t), A(t)) = F(x(t),u(t)) + AT (1) f(x(t), u(t)),

the dual of Problem P can be formulated as follows [49].
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Problem 3 (Problem P,). Determine x(t), u(t), A(t), u(t) and v that for all t € [0,1] satisfy
Equations (5)—(7) and

pl(Oh(x(t),u(t) =0, pu(t)>0, (14)
AT(8) + La(x(t), u(t), A(t), u(t) =0, (15)
AT(0) = —v ey () (x(0),x(1)) — Ex(g) (x(0),x(1)), (16)
AT(1) = v eyq)(x(0),x(1)) + Ey(qy (x(0),x(1)), (17)
Loy(x(t),u(t),A(t),u(t)) =0. (18)

In the above problem, subscripts are used to denote partial derivatives, e.g.,
Fe(x,u) = %F(x,u).
The following assumptions are imposed onto Problem P, .

Assumption 1. E, F, f, e and h are continuously differentiable with respect to their arguments,
and their gradients are Lipschitz continuous over the domain.

Assumption 2. Solutions x*(t), u*(t), A*(t), u*(t) and v* of Problem P, exist and satisfy
x*(t) € C,u*(t) € CO, A*(t) € CL and p*(t) € Cgh in [0,1].

Remark 3. Notice that Problem P, implicitly assumes the absence of pure state constraints in
Problem P. If the inequality constraint in Equation (7) is independent of u(t), then the costate A(t)
must also satisfy the following jump condition [49]:

At) = AED) + R,

where t, is the entry or exit time into a constrained arc in which the inequality constraint is active,
t, and t} denote the left-hand side and right-hand side limits of the trajectory, respectively, and
1 is a constant covector. For simplicity, the theoretical results that will be presented in Section 5
do not consider the jump conditions above, i.e., the inequality constraints are dependent on u(t).
Nevertheless, numerical examples will be presented in Section 6, showing the applicability of the
discretization method to pure state-constrained problems.

4.2. KKT Conditions of Problem Py

Now, we derive the necessary conditions of Problem Py. Let us introduce the following
Nth-order Bernstein polynomials:

N
An() =Y Ajnbin(t), pn(t) =
=0

AjNbiN(t), (19)

IP=

with Ay @ [0,1] = R™, py : [0,1] — R"™, A € R™ and fijy € R, and the vector
7 € R". Finally, let Ay € R™*(N+1) and jiy € R"*(N+1) be defined as

An=[AoN, - ANl AN = [foN, - ANN]-
With the above notation, the Lagrangian for problem Py can be written as

N
Ly = E(xn(0), xn(tN)) + ;}F(xN(tj)/”N(tj))
iz

N
+ Z(‘,)AITI(fj)(—XN(tj) + fxn(t), un(t))))
=

N

+ Zoy;\r](t])h(xN(t]), uN(tj))
j=

+ 7 e(xn(0), xn(tN)) -
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Then, the duality of Problem Py can be stated as follows:

Problem 4 (Problem Py;,). Determine Xy, fin, A, fin and U that satisfy the primal feasibility
conditions, namely Equations (10)—(12), the complementary slackness and dual feasibility conditions

| e (1), ()| < N1,

(20)
un(t) > -N"1681,  Vvk=0,...,N,
and the stationarity conditions
LN N oLy N
<9 <é k=0,...,N 21
’afk,NH_D' ‘aﬁk,N <%, k=0...N 21)

where 5N is a small positive number that depends on N and satisfies imy_,c0 6§ = 0.

At this point, similarly to most results on costate estimation [50-52], we introduce
additional conditions that must be added to Equations (10)-(12), (20) and (21) in order to
obtain consistent approximations of the solutions of Problem P,. These conditions, often
referred to as closure conditions in the literature, are given as follows:

/\T

H% +7 ey (o) (xn(0), xn(tn)) + Ex(o) (xN(O),xN(tN))H <N, (22)
/\T

H% — 7" ey (xn(0), xn(tn)) — Ex(l)(xN(O),xN(tN))H < 6N, (23)

In other words, the closure conditions are constraints that must be added to Problem
Py so that the solution of this problem approximates the solution of Problem P). We
notice that the conditions given above are discrete approximations of the conditions given
by Equations (16) and (17). With this setup, we define the following problem:

Problem 5 (Problem PZC\}UAS). Determine %y, iin, AN, fin and v that satisfy the primal feasibility
conditions, namely Equations (10)—(12), the complementary slackness and dual feasibility conditions (20),
the stationarity conditions (21), and the closure conditions (22) and (23).

The solution of Problem P9 presents a set of optimal Bernstein coefficients %, i},
A%, iy (which determine the Bernstein polynomials x§ (), u} (t), A% (t) and p} (t)) and a
vector 7*.

5. Feasibility and Consistency of Problem PK,'XS

The objective of this section is to investigate the ability of the solutions of Problem Pf\;;’f
to approximate the solutions of Problem P,. In what follows, we first show the existence of
a solution to Problem Pf\}gs (feasibility). Second, we investigate the convergence properties
of this solution as N — oo (consistency). Third, by combining these two results, we finally
formulate the covector mapping theorem for Bernstein approximations, which provides a map
between the solution of Problem PIC\}O/\S and the solution of Problem P,. The main results of

this section are reported in the three theorems below and summarized in Figure 1.

Theorem 1 (Feasibility). Let

1

SN = Cpmax{Wy (N"2), We(N"2), Wy (N"2), Wy (N~2), Wy(N"2), Wu(N~2)}, (24)

5N = Cpmax{W,y(N"2), Wy(N"2), W,(N"2)}, (25)
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where Cp and Cp are positive constants independent of N, and Wy (-), Wx(+), Wy (+), W/ (+),
W () and W, (-) are the moduli of continuity of %(t), x(t), u(t), A(t), A(t) and p(t), respectively.
Then Problem Pf\}gf is feasible for arbitrary order of approximation N € 7.

Proof. This proof follows by constructing a solution for Problem Pf\}g\s, with 6§ given by

Equation (24). To this end, let x(t), u(t), A(t), u(t) and v be a solution of Problem P, which
exists by Assumption 2, and define

fj,N = x(t]') , ﬁj,N = u(t]') , (26)
X]"N = ZU/\(t]) , ‘ﬁer = wy(t]) , V=v, (27)
forallj=0,...,N, tj= %, w= %, with corresponding Bernstein polynomials given by

N N
xn(t) = ) ®nbin(t), un(t) = Z(;Jﬁj,ij,N(f),
iz

N .
An(t) = EOA] nbin(t),  pn(t) = Z(:]F_‘]',ij,N(t)-
= -

The remainder of this proof shows that xx (t), un(t), An(t), un(t) and 7 given above
satisfty Equations (20)—-(23). The satisfaction of Equations (10)—(12) can be demonstrated
using a proof similar to the one of [42], and is thus omitted. We start by defining the
Bernstein coefficients ):Lj,N and fi; y as follows

/\]N ﬁ _ﬁjN
w 7 ],N

>a|1

, (29)

with corresponding Bernstein polynomials given by

Il
1=
;:n
Zz
N@‘
=

N
An(t) =Y Ajnbin(t),  fin(t)
=0 =0

Notice that

Aty = Mgy = ) 30

Combining Equations (26), (27) and (29) and using Assumption 2 and Lemma 1, we get

[lan (1) = x(8)]| < CeWo(N"2),
llun () = u(b)|| < CulWu(N~2),
e (t) ()| < Co W (N72), -
1An(E) = A(H)]] < CAWA(N2),
1 (1) — ()] < CuWu(N"2),
IAN() = A(B)]] < CuWu(N72),

where C) < Sf’T", Cy < 5%?’, Cy < % and W, (-), W,(-) and W), (-) are the moduli of
continuity of A(t), u(t) and A(t), respectively.

Now, we show that the bound in Equation (20) is satisfied. Using Equation (30), and
adding and subtracting w(u " (t;)h(xn (tr), un(te)) + " (B h(x(t), u(t))), we get

lpes ()R Geny (B), (80| = oz (8B (e (ti), e (£) |
< wl| (7% (t) — " (5 R (en (b), un ()
+wllp’ ( R (x(ti), u(t) |
+aollp " () (R(en (t), (1) = B(x(t), u (k) |
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Using Equation (14), the above inequality reduces to

s (B0 R CGeng (1) e () | < w0 ( (t) — T ()R Cen (1), e (1)
+ il (8) (r(xn (te), e (t)) — R(x(t), ()|
< w][h(xn (te), un (1)) | Cu W (N 2)
+ il (8) | Li(CeWa(N3) + CuWu (N71)),

where we used the bounds in Equation (31) together with the Lipschitz assumption on h
(see Assumptions 1). Finally, from using Assumptions 1 and 2, it follows that & and p are
bounded on [0, 1] with bounds hmax and yimax, respectively. Therefore, we get

||F‘ITI(tk)h(xN(tk) un(t))l < w[hmaxcywy(Ni%) + ﬂmath(CxWx(Ni%) + CuWu(Ni%m/

which implies that the bound in Equation (20) is satisfied with 6§ given by Equation (24)
and Cp > hmaxCy + pmaxLy (Cx + Cy). Similarly,

i () = wiing () > wp(te) — wl|p(t) — fin (B [T = N7 C W (N1,

which proves that Equation (20) holds.
Now, consider the left equation in (21). For k = 0, we have

o

x(O (0), xn(tn))

+w Zpx<xN(tj),uN(tj))bo,N(fj)

]':0

+DN (felan(t), un (8))bon (t) — Bon (t)) (32)

+2;,N Vha(xn (), un (t))bon (1))

+v ex(O)(xN(O)fo(tN))H-

Substituting wAy (tj) = An(t;) and wfin(t;) = pn(t;), the equation above can be
written as

Haxo Ex(0) (xn(0), xn(tn))

N
+w X(:] Fx(xN(fj), uN(tj))bOIN(t]')
]:

+wZAN ) (fr(xeni (), un (£))bon (1) = bon (1)) (33)

]70

+w ZO,,N b (en (), () bon (1))
f

+7 ey (xN(O)rxN(tN))H .
Notice that the following inequalities are satisfied:

Hwﬁ% Fel(ty), o ()bo () — [ FeCe(0),u(0) o ()| .

< Ci(N"2+ Wy(N"2) + W, (N"2)),
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<GINTEHWANTE),  (34b)

N ~
w Y AL () bon(t; /A D)bo, (1)t
j=0

\IWiiE(t;)fx(xN(tj) M) — [ AT (020 w0 o)
L

(34¢)
< G3(N"2 4+ Wi (N72) + Wy (N72) + W, (N72)),
N ~T
ijgumt]-)hx(m(tj) Doty — [ uT () o, (1) s

< Cy(N“7 + wy<N—%> W (N73) + Wy (N72)),

for some positive C1, C,, C3 and C4 independent of N. Proof of the above inequalities
is given in Appendix A. Then, the combination of Equations (33) and (34) yields the
following inequality

5] < [ w020 + [ o) e o1
—/01 AT (8)bo N (t)dt
[ AT A0, 1) ()1 5
4 [T e e, 0 o ()t
+ 7 ey(0)(x(0), x(1)) |

NI—=

+ Cmax{N"2, Wy (N"2), W, (N~2), Wy (N~2), W, (N~2)},

with C > 4max{C1, Gy, Cs, C4} Using integration by parts, we have fo AT bo Nn(t)dt =
- fo AT (H)bon(t)dt + [AT (£)bon()]3. Thus, since byn(0) = 1,by,n(0) = 0, the above

mequahty becomes
[ ZE8 | <[ By (x(0), (1) + 27 (0) + o ey (3(0), x(1)
X0,N
+ /0 (AT (8) + Bex(t), u() + AT () fulx(t), m(t)) (36)

1 (D (x(8), () oy (1)t
+Cmax(NL We(N ), W), W v, wuv by

Finally, using Equations (15) and (16), the above inequality reduces to the left condition
in Equation (21) for k = 0, with 6§ given by Equation (24) and Cp > C. The same
condition for k = 1,..., N can be shown to be satisfied using an identical argument. The
stationarity condition in the right of Equation (21) can also be verified similarly, and the
computations are thus omitted. To show that the closure condition (22) is satisfied, we use
the definitions in Equations (26) and (27) together with the end point values property of
Bernstein polynomials, Property 1 in Section 2, which gives

.
|50 4 87 0 o 0) e o)) + By (o O) e i) |

< AT (0) + ¥ ey0)(x(0), x(1)) + Eyo) (x(0), x(1)) | = 0,
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where the last equality follows from Equation (16). An identical argument can be used to
show that the closure condition (23) holds, thus completing the proof of Theorem 1.

Corollary 1. If solutions x*(t), u*(t), A*(t), p*(t) and v* of Problem P, exist and satisfy
x*(t) € Ci,, u*(t) € C3,, A*(t) € Ch,, and p*(t) € Cj in [0,1], then Theorem 1 holds with
6N = CpN~tand 6§ = CpN~1, where Cp and Cp are positive constants independent of the

order of approximation, N.
O

Proof. The proof of Corollary 1 follows easily by applying Lemma 2 to the proof of Theorem 1.

Remark 4. We notice that for arbitrarily small scalar ep > 0, there exists Ny such that for all
N > Nj, we have 5}}’ < ep; ie., the relaxation bound in Problem PIC\}‘}\S can be made arbitrarily
small by choosing sufficiently large N.

Theorem 2 (Consistency). Let {(&y, i;;, Ay, fin, 7*) }N=n, bea sequence of solutions of Problem

Pglos. Consider the sequence of transformed solutions { (%Y, i}, }:L;,, fin, 7") FN=N, with

*

and the corresponding polynomial approximation {(x}(t), wi(t), A% (1), fix (1), 7)oy
Assume that the latter has a uniform accumulation point, i.e.,

lim (w0 (1), uy (1), AN (1), g (), 77) = (6 (1), 0 (1), A% (1), 5 (1), 7%), Yt €[0,1],

N—ro0
and assume x°(t), u™(t), X‘”(t) and fi*(t) are continuous on [0,1]. Then,
(x% (1), u™ (1), A(t), B(t), 7%)

is a solution of Problem P).
O

Proof. The objective is to show that x*(t),u®(t),A®(t),i®(t) and #* satisfy
Equations (5)—(7) and (14)—(18). The satisfaction of Equations (5)—(7) has been demon-
strated in ([42] [Proof of Theorem 2]). We start by showing Equation (14), and we do so
using a proof by contradiction. Assume that x®(t), u®(t), i (t) do not satisfy Equation (14).
Then, there exists t' € [0, 1], such that

7T ()R (1), u™ ()| > 0. (38)

Since the nodes {t;}_, are dense in [0, 1], there exists a sequence of indices {ky}%_,,
such that
lim t;, =*,
Negbo KN
which implies
lim |72 (t') = g (t )| = 0,

N—oo

1- oot/_oot —
lim [2°(t) =% (b, )| = 0,

li ) —u™®(t =0.
Jim (5 (F) =5 ()|
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Then, we have
17 T (YR (), u ()] < Lim || GERT () = AR (g )iy (), iy ()]
+ lim AN (try) (B (), ui ()
—h(xN(ka) up (tey )|

+ Jim (173 (i V(R (b ), 3 (B )|

= lim aHﬂN (ko VR (e (fiy ) 1 (b )| = 0,

where we used Equation (20). This contradicts Equation (38). Similarly, we can show that
fi*(t) > 0, thus proving that x™(t), u*(t) and fi*(t) satisfy Equation (14).

Furthermore, we notice that if x*(t),u®(t), A°°( ), a*(t) and v satisfy
Equations (21)—(23), then the following holds forallk = 0,..., N:

H?\ooT(o) + 7% ey0) (x™(0), ¥ (1)) + Ey(g) (x°(0), x°(1)) H _o,
HAooT(l) _ 17°°Tex(1)(x°°(0),x°°(l)) . Ex(l)(x""(o),x""(l))u _o,

H/ B) + Fe(x (1), u (1)) + AT (8) fu (x (1), u (1))

ﬁ°°T<t>hx<x°°<t>,u°°<t>>}bk,Nu)dtH =0,

1 .
| [ R m=0) + 3T (0 fula™ (0, 5™(1)
+ 1T () (6 (£), 4™ (1)) | b (Dt | = 0.
Since {by n(t)}1_, is a linearly independent basis set, the last two equations above imply

H;oo'l'

A7) + B (0, 57(0) + AT () fo (0,57 (1) + 5T (D (x(), 6™ (1)) | = 0,

Fu(x(0),u(8) + AT () fu (6 (1), 4™ (1) + 7T (Dha (2 (1), u™ (1)) | = 0,
for all t € [0,1]. This proves that x®(t),u™(t),A®(t),i®(t) and 7™(t) satisfy
Equations (15)—(18). O

Theorem 3 (Covector Mapping Theorem). Under the same assumptions of Theorems 1 and 2,
when N — oo, the covector mapping
xy () = x* (), uy(t) —u*(t),

W) ey, HO

» (39)

vV —=v

*

= pt(t),
is a bijective mapping between the solution of Problem P and the solution of Problem P.
Proof. The above result follows directly from Theorems 1 and 2. In fact, if

{x"(8),u™(5), A" (8), w7 (), v}

is a solution to Problem P,, which exists by Assumption 2, then from Theorem 1, it follows
that {x*(t), u*(t), wA*(t), wp* (t),v*} is a solution to Problem P{S® (see Equations (26)~(28)).
Conversely, by using Equation (37), a solution
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(e (8), g (£), A (8), i (), 77)

that solves Problem PIC\}?\S provides a solution

(i) (1), 2L D ey (o ), i 1), K ), i 1), 7

that converges to a solution to Problem P, (see Theorem 2). [

Remark 5. Define the Hamiltonian approximation

A(®)
Hn(t) = F(a(8), o (1) + =7 = (1), un (1),
then, Theorem 3 implies limy_,0o Hn (£) = H(2).
Bernstein approximation
Problem P Convergence Problem PN
e KT

] , .
| Mini |
| Principle Problem Py, |
| !
| |
| Closure |
| Conditions
| Y Y |
| Covector mapping ) |
| Problem P, < Problem Py;%° |
, N — o |
| !
\ 1

Present work

Figure 1. Diagram of the covector mapping principle for Bernstein approximation. The solution to
Problem PIC\}S’\S converges to that of Problem Py as N — co.

6. Numerical Examples
6.1. Example 1: 1D Minimum Time Problem

The first example we consider is the classical minimum time problem for a double
integrator plant.
min | = tg,
u

subject to
¥ =x, =u, x0)=1, x(0)=-1

xl(tf) = X2(tf) =0,
u(t)] < 1,9t € [0,1].

The analytical solution to this problem is well known: the optimal control input is bang-
bang and the Hamiltonian along the optimal trajectories is equal to —1 [53]. Figure 2 includes
plots of the state and control trajectories for this problem for N = 45, as well as a graph of the
analytical solution. It is clear that the Bernstein polynomial solution captures the switching
time precisely and closely approximates the optimal control input solution. Figure 3 includes
the plot of the Hamiltonian approximation Hy computed using Covector Mapping Theorem.
As expected, it is equal to —1 with the exception of a small bump around the switching time.
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1.5
_X1
1 \ —X2 M
—u
0.5r —u_ |l
opt
0 i
-0.51 1
-1 i
1.5 ‘ |
0 0.5 1 1.5

time
Figure 2. Example 1: state trajectories x1(¢) and x,(t), and control input u(¢). The control input

approximates the optimal solution (bang-bang).

0,

-0.5¢ i
=
.
e
) ooo
E '1 pooooe ©000060000000000000000000000000000000000000 |
E
©
I

15F .

0 0.5 1 1.5

time
Figure 3. Example 1: the approximated Hamiltonian converges to the Hamiltonian of the problem,
i.e., —1. See Theorem 3 and Remark 5.

6.2. Example 2: 3D Minimum Time Problem

In this example, we consider a minimum-time problem for a simplified 3D model of a
multi-rotor drone. The vehicle is asked to reach the origin in minimum time from a given
initial condition with all the control inputs bounded by +1. Unlike Example 1, there is no
known analytical solution to this problem. However, we know that the Hamiltonian along
the optimal trajectories is equal to —1 [53].

muin]:tf,
subject to
X1 =2x4, X2=2x5, X3=Xg,
X4 =uy, X5=1up, x6:—g+u3,
xj0=1 x0=2, x3 =3,
xg0=-1, x50=-1, x60=-1,
x1(tf) = x2(ts) = x3(ts) =0,
x4(tf) = x5(ts) = x6(ts) =0,
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()] <1, ()] <1, |—g+us()] <1, Viel[ot].

Figure 4 shows the 3D plot of the position of the vehicle. The vehicle clearly reaches
the origin from the given initial condition. Figure 5 includes graphs of the control inputs.
They satisfy the +10 bound imposed in the problem formulation. Finally, Figure 6 shows
the plot of the Hamiltonian approximation Hy, N = 45. It is equal to —1, as predicted by
theory, thus indicating that the solution obtained is indeed close to optimal.

4 —N=45

-- N=250
3
Q2

x2 A X1

Figure 4. Example 2: 3D position plot, i.e.,, p = [x1, X, x3]. The solid line represents the solution obtained
with N = 45, while the dashed line depicts the (near optimal) solution obtained with N = 250.

12

101

control inputs

0 0.5 1 1.5 2 25 3
time
Figure 5. Example 2: Control inputs, i.e., vehicle’s acceleration along the three axis. The solid lines
represent the solution obtained with N = 45, while the dashed lines depict the (near optimal) solution
obtained with N = 250.

O, =

-0.5¢ ]

000000,
_'1 poooooooo0000 ©©0060000000000000000000000000000 -

Hamiltonian

0 0.5 1 1.5 2 2.5 3
time
Figure 6. Example 2: the approximated Hamiltonian converges to the Hamiltonian of the problem,
i.e., —1. See Theorem 3 and Remark 5.
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7. Defense against a Swarm Attack

The numerical analysis presented here involves a scenario in which an enemy swarm
is attempting to destroy an high-value unit (HVU). The HVU is defended by a number
of defending agents whose trajectories are optimized to maximize the probability of the
HVU survival. The attacking agents dynamics are defined using Leonard swarm dynamics
model [54]. A virtual leader is guiding the attacking swarm towards the HVU’s position.
The attacking and defending agents are equipped with weapons systems which allow them
to inflict damage on each other. The attacking agents inflict damage on the defending
agents and try to destroy the HVU. The defending agents inflict damage on the attacking
agents and attempt to destroy them or herd them away.

Attacking agent i € {1,...,N4} has position x;(t) € R® and defending agent
k € {1,...,Np} has position s;(t) € R3. The equations of motion for attacker i is

=L L

i

hi
+K
T

Is zkH

fori = 1...N. There are four terms in this equation, representing: (1) attractive and
repulsive forces f7(x;;) from other attacking agents j, where x;; = x; — x; is the distance
between attackers i and j; (2) a constant “virtual leader” force with magnitude K pulling
them toward the HVU’s position, where h; = h — x; and h is the position of the HVU;
(3) purely repulsive forces f;(sj) due to defending agents, where sz = x; — s is the
distance between attacker 7 and defender k; and (4) a damping force proportional to the x;.
For the mathematical forms of f; and f;, we have chosen the Leonard model [54], i.e.,
f1r and f; can be written as gradients of a scalar potential functions that depends only on
x;j and s;;. The force f is repulsive when Hx,ﬂ‘ < dy, attractive when dy < Hx,'jH <dyand
zero when || x;;|| > dy. For f;, we only keep the repulsive term (since attackers should not
be attracted to defenders), i.e., f; is repulsive when |[|sj|| < sp and zero when ||s || > so.
Defending agent i’s dynamics are given by

8 = u;, i=1...Np, si(t),ui(t) €R3, 41)

where the absolute value of each element of u;, (|ul-j |, =1,2,3) is bounded by umax = 1.

Mutual attrition model: for hostile swarm engagements, agents are equipped with
some weapons systems. The likelihood of destruction of an agent depends on its position
(how close it has come to enemies) as well as the positions of those enemy agents, since each
agent’s ability to inflict damage is contingent on its own survival. To model this mutual
attrition, we use a damage function to track the probability that defender k is destroyed by
a shot from attacker i, and vice versa. We choose a cumulative normal distribution function,
@, to model the damage function [55]. Next, we define (i) the attrition rate at which attacker
i is destroyed due to defender k, diak“, (ii) the attrition rate of defender k due to attacker i,
dgff, and (iii) the attrition rate of the HVU, d?"“, as follows:

112 2 2
d?ktt — /\ch(HS(l;(H )’ ddef A ©(||Slk|| >/ d?vu =A q)(||l,;'| > . (42)
d

Oq a

In the above equation ¢ is a defender Poisson parameter that corresponds to the
range of the defenders” weapons, A; is a defender Poisson parameter that corresponds
to the defenders’ rate of fire, 0, is an attacker Poisson parameter that corresponds to the
attackers’ range and A, is an attacker Poisson parameter that corresponds to the attackers’
rate of fire. The probability of defender k destroying attacker i during a time interval of
duration At is weighted by the current survival probability of defender k, P,f (). Thus, the
probability that defender k will destroy attacker i during a given time interval [t, f + At]
is P,f (t)d3fAt. Assuming independence (i.e., defenders do not coordinate their fire), the

M
expression [T (1 — {d?kttp,f (t)} At) represents the probability that ith attacker would survive
k
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during a time interval [t, t + At] due to attrition from all defenders. Therefore, the survival
probability Q;(t + At) of attacker i is governed by
Np

Qilt+a1) = QO [ (1 - [a3p(r)|at), (43)

k

where we assumed that probabilities of attacker i survival Q;(t1), Q;(2) are independent
for any t1,tp. Similarly, the survival probability P]f(t) of defender k and the survival
probability P(t) of the HVU are governed by

Ny
Pi(t+an) = PEOT [ (1 - [diQu(n)] A,
N, (44)
P(t+At) = P[] (1 - [dlkwucgk(t)} At).
k

Initial conditions are set to Q;(0) = P(0) = P#(0) = 1 for all agents and the HVU.
Further rearranging Equations (43) and (44) and letting At — 0, as derived in [56]
we obtain:

Q) =~ Y0 — |apim)),

., (45)
B{(1) = ~P{(OY (1~ |4 Qi()]),
P = Py 1 [E0un)) (46)

k

The optimal control problem at hand can be expressed as Problem P by properly
rescaling the time variable, i.e., T = t/tf; see Equations (4)—(7). In particular, we seek to
maximize the probability of HVU survival at the terminal time ¢ = ¢; (T = 1), i.e., minimize
I =1— P(tf). The system’s state x(#) includes the attacker and the defender positions and
velocities, as well as probabilities of the attacker and defender survivals and the probability
of the HVU survival:

X = [xlT,...,xIT\,A,(vi‘)T,...,(v’li]A)T,s{,...sIT\]D,
T
(vi)T,,..,(vﬁ\]D)T,Ql,...,QNA,Pf,...,PI‘f,D,P} ) (47)

where v} is the velocity of the i-th attacker and v}, is the velocity of the k-th defender. The control

T
input vector is defined by stacking accelerations of each defender u = [ulT ooy uIT\,D} . Using

definitions of the system'’s state and control inputs the system dynamics function f(.,.) is
given by concatenation of Equations (40), (41), (45), and (46). Finally, the function A(.,.) in
our case becomes a function of defender control inputs only and includes £u/max.

Figure 7 shows results for an optimization with one defender protecting an HVU
against a swarm of five attackers for N = 45. The HVU is at the origin and the defender
trajectory is color purple. The defender has a 50% larger weapons range (0;/0; = 1.5),
as well as double the fire rate with respect to the attackers (A;/A, = 2). The defender
initially herds the attackers on his right away from HVU than approaches the HVU and
similarly herds the attackers to his left away from the HVU. Figure 8 illustrates the control
inputs that drive the motion of the defender. Unlike minimum time problems, e.g., the
previous example, in this case, the inequality constraints on the control input are never
active. Figure 9 shows a sequence of the Hamiltonian approximations Hy, N =5, .. .,45.
The sequence clearly converges to zero, indicating that the final numerical solution for
N = 45is indeed a close approximation of the true optimal solution.
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The reader is referred to [57,58] for additional numerical examples.

2 -
~
N
o
0-
-
6

Figure 7. Defense against swarm attack. The plot shows optimal trajectory of one defender (purple)
protecting a high-value unit (positioned at the origin) against five attackers.

0.02

-0.02 - i

-0.04 - 3]
-0.06 - i

-0.08 i

1
0 5 10 15 20 25 30 35 40 45

-0.1

Figure 8. Defense against swarm attack. The plot shows the time history of the control input.

%107
10F ‘ B

8 -

6 -
c N=45
©
.E 4 L -
2 N=35
Z 2 = |
IS
T

20 25 30 35 40 45
time

Figure 9. Hamiltonian Convergence. The plot shows a sequence of the Hamiltonian approximations
Hn, N =5,...,45, indicating that the numerical solution converges to the true optimal solution.
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8. Conclusions

This paper proposed a numerical method for costate estimation of nonlinear con-
strained optimal control problems using Bernstein polynomials. A rigorous analysis is
provided that shows convergence of the costate estimates to the dual variables of the
continuous-time problem. To this end, a set of conditions are derived under which the
Karush-Kuhn-Tucker multipliers of the NLP converge to the costates of the optimal control
problem. This led to the formulation of the Covector Mapping Theorem for Bernstein
approximation. The theoretical findings are validated through several numerical examples.
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Appendix A. Proof of Equation (34)

Let us focus on Equation (34a). Adding and subtracting fol Fe(xn(t), un(t))bo,n(t)dt,
we have

o . Feonta ()~ Bttt w0 03]
&

N
< [ X0 FeCen o)) bony () — [ EeCen (8) (1) o (0
j=0

) Fe @i = [ O] 4D

N 1
< Hw;)me(tj),uN<tj>>bo,N<tj>— | Elan (0, un()bon (011
]:

+| ,/0‘l Fy(xn (£), (1) o (£)dt — ./O'1 Fe(x(t), u(t) b (1) |

Using Lemma 3 and continuity of Fy(xn/(t), un(t)) and by n(¢), the first term on the
right-hand side of the inequality above satisfies

N
Hw Y Ex(en (), un(t)bon (1) — /01 FX(xN(f)ruN(t))bo,N(t)de < CIWbeO,N(N_%),
=0

where WE,j, . (+) is used to denote the modulus of continuity of the product

Fx(xn(t), un(t))bon(t)),
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with Fy(xn(t), un(t)) being a bounded function due to its continuity over a bounded domain.
Denote its bound as Fx,max. Notice that by (t) is bounded, as max,c[g 1) bon(t) < 1. Then,
using the properties of the modulus of continuity, we get

N 1
[0 Y- Felarn (), mn (1o (4) = [ ExCon (8) un (0o (031
j=0

. . (A2)
S CIFx,maXWbO/N(N 2) + CIWFx(N 2)

S CIFx,maxNi% + CIWFx (Ni%)/

where WE, () is the modulus of continuity of Fy, and C; is a positive constant independent
of N. Furthermore, we have

| [ FeCen o) ()00t — [ B, 0 o

< [ PeCen ey )6~ ExCe(0), 0o (1) (49

< Lp, (CxWe (N72) + CuW, (N72)),

where Lr_ is the Lipschitz constant of Fy, Cy < 5ny/4, Cy < 5n,/4, and Wy(-) and W,(+)
are the moduli of continuity of x and u, respectively. Combining Equations (A2) and (A3)
with Equation (A1) yields

w i Fx(xN(tj), uN(tj))bO,N(tj) — ' Fy (x(t), u(t))bo/N(f)dt
4 0
j=0

< CrFemaxN ™2 + CWe, (N 2) + Lp, (CsWy (N72) + Cu Wy (N72)),

which proves the bound in Equation (34a). The bounds in Equation (34b-d) follow easily
using an identical argument.
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